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∼ Introduction to numerical methods

for solving elliptic PDEs ∼
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Goal of lectures

Let’s solve the elliptic PDEs!

•Why? −→ Part I

• How? −→ Part II



Numerical Relativity



ADM formalism

• General Relativity : 4(N)-dimensional spacetimes

• ADM formalism : Arnowitt-Deser-Misner(1962),

re-printed in arxiv:gr-qc/0405109

@ Cf. Hamiltonian formalism ṗi = −∂H
∂qi
, q̇i =

∂H
∂pi

H : Hamiltonian, qi : coordinates, pi : momenta

@ Spacetimes = Evolution of 3D spaces(3+1 decomposition)
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∂pi
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a 3-dimensional Cabbage 2-dimensional leaves



ADM decomposition

t+∆t

βa

na
tat

3D hypersurface
na is a timelike normal vector
defined as na = (1/α, βi/α), nana = −1.

3D spatial metric (regarded as coordinate)

γab ≡ gab + nanb

ds2 = −α2dt2 + γij
(

βidt+ dxi
) (

βjdt+ dxj
)

Projection tensor

γab = δab + nanb

3D Derivatives

Diψ = γai ∇aψ,
DiW

j = γai γ
j
b
∇aW b.

Extrinsic curvature (as momentum)

Kab ≡ − 1
2α

(∂tγab −Dbβa −Daβb)

Einstein equations

Gab ≡ Rab − 1
2
gabR = κTab,

κ = 8πG/c4.

Projection of Einstein equations

C ≡ (Gab − κTab)n
anb = 0,

Di ≡ γci (Gcb − κTcb)n
b = 0,

Eij ≡ γci γ
d
j (Gcd − κTcd) = 0.



Einstein equations

ρ:energy density, ji:current density

Gabn
anb = κTabn

anb → (3)R +K2 −KijK
ij = 2κρ,

γciGcbn
b = γciκTcbn

b → DjK
j
i −DiK = κji.
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d
jGcd = γci γ

d
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k −DjDiα

+ α

(
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Sij +
ρ− S

3
γij

])

,

Sij ≡ γci γ
d
j Tcd, S ≡ γijSij .



Einstein equations

Hamiltonian Constraint ρ:energy density, ji:current density

Gabn
anb = κTabn

anb → (3)R +K2 −KijK
ij = 2κρ,

γciGcbn
b = γciκTcbn

b → DjK
j
i −DiK = κji.

Momentum Constraints All quantities are spatial.
(They must be satisfied on each 3D hypersurface.)

Evolution equation γci γ
d
jGcd = γci γ

d
j κTcd −→

∂tKij = βkDkKij +KkjDiβ
k +KkiDjβ

k −DjDiα

+ α

(

Rij − 2KikK
k
j +KijK − κ

[

Sij +
ρ− S

3
γij

])

,

γij and Kij are variables to evolve in ADM system.

∂tγij = −2αKij +Djβi +Diβj

(Definition of Kij)

Sij ≡ γci γ
d
j Tcd, S ≡ γijSij .

Cf. Hamiltonian formalism

ṗi = − ∂H
∂qi

, q̇i =
∂H
∂pi



Propagation of Constraints

In principle, we can solve only the evolution equation in ADM system
for an appropriate initial condition, so that we can save numerical costs.
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Propagation of Constraints

In principle, we can solve only the evolution equation in ADM system
for an appropriate initial condition, so that we can save numerical costs.

∇bGab = κ∇bTab0 = = 0

Bianchi Identity Energy Conservation
Nature of Riemann tensor

Gab − κTab = Eab + naDb + nbDa + nanbC
C ≡ (Gab − κTab)n

a
n
b
,

Da ≡ γ
c
a (Gcb − κTcb)n

b
,

Eab ≡ γ
c
aγ

d
b (Gcd − κTcd) .

na∇b (Gab − κTab) = 0

na∇aC = −EabDbna −DaDa −Danb∇bna − CDana

γca∇b (Gcb − κTcb) = 0

nb∇bDa = −DbEba − Eabnc∇cn
b −Da∇bnb +Dbnan

c∇cn
b −Db∇bna

Hamiltonian Constraint along na

Momentum Constraints along na



How to cook Black Holes in NR



Schwarzschild Black Hole

ds2 = −
(

1− 2M

R

)

dt2 +
1

1− 2M
R

dR2 +R2
(

dθ2 + sin2 θdφ2
)

@ 3D metric

γRR =
1

1− 2M
R

, γθθ = R2, γφφ = R2 sin2 θ

@ Extrinsic curvature
Kij = γ̇ij = 0

Hamiltonian Constraint

(3)R +K2 −KijK
ij = 0,

DjK
j
i −DiK = 0.

Momentum Constraints

But how do we treat the coordinate singularity?.
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Isotropic Coordinates

• isotropic radial coordinate r defined as R = r

(

1 +
M

2r

)2

.

• dR

dr
=

(

1 +
M

2r

)(

1− M

2r

)

, R = [2M,∞] → r = [M2 ,∞]

ds2 = −
(

1− 2M

R

)

dt2 +
1

1− 2M
R

dR2 +R2dΩ2,

= −
(

1−M/2r

1 +M/2r

)2

dt2 +

(

1 +
M

2r

)4
[

dr2 + r2dΩ2
]

≡ −α2
0dt

2 + ψ4
0ηijdx

idxj

r →
(

M

2

)2 1

r̄
, dr → −

(

M

2

)2 1

r̄2
dr̄

ds2 = −α2
0dt

2 +
(

1 + M
2r̄

)4 [

dr̄2 + r̄2dΩ2
]

Same form as coordinate r!

r̄ = [M
2
,∞] → r = [0, M

2
]

r =
M

2

r → ∞
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2
]

r → 0

Einstein-Rosen Bridge

r =
M

2

r → ∞



Initial Value Problem

• Initial data must satisfy the constraints.
(Hamiltonian constraint and Momentum constraints)

• We have 4 constraints and 12 variables.

• We can set the situation we want to solve and must solve the
constraint equations.

York-Lichnerowicz
conformal decomposition

γij = ψ4γ̃ij .

Relation of conformal variables

Γijk = Γ̃ijk +
2

ψ

[

δijD̃kψ + δikD̃jψ − γ̃ilγ̃jkD̃lψ
]

,

R = R̃ψ−4 − 8ψ−5△̃ψ.

Transverse-Traceless
decomposition

Kij = Aij +
1

3
γijK,

Aij = ψ−2Ãij .

Relation of conformal variables

DjA
ij = ∂jA

ij + ΓikjA
kj + Γj

jk
Aik

= ψ−10D̃jÃ
ij ,

Ãij ≡ D̃iWj + D̃jWi −
2

3
γ̃ijD̃kW

k.



Constraints

• Constraint equations in ADM formalism

(3)R +K2 −KijK
ij = 2κρ,

DjK
j
i −DiK = κji.

• Conformal decomposition of Constraints

△̃ψ − 1

8
ψR̃ − 1

12
ψ5K2 +

1

8
ψ−7ÃijÃ

ij = −κ
8
ψ5ρ,

△̃Wi +
1

3
∇̃i

(

∇̃jW
j
)

+ R̃ijW
j =

2

3
ψ6∇̃iK + κψ10ji

• We must solve four elliptic differential equations for initial data.



Multi Black Holes

@ Single Black Hole
(Schwarzschild BH)

γij = ψ4η
(flat)
ij ,

Kij = 0,

ψ = 1 +
M

2r
,

• Momentum constraints are trivially satisfied.

• Hamiltonian constraint is also satisfied.

△flatψ = 0.

@ Multi-Black Hole
(time symmetric)

ψ = 1 +
N
∑

a=1

Ma

2 | r − ra |
,

r → r1

r − r1 =
M1

2

r → r2

r − r2 =
M2

2

r → ∞



Puncture Black Hole

@ Bowen-York initial data

• Assumptions

K = 0 , Maximal condition

γ̃ij = ηij , Conformally flatness

ψ → 1 , Asymptotically flatness

• Constraints

△Wi +
1

3
∇i

(

∇jW j
)

= 0,

△ψ +
1

8
ψ−7ÃijÃ

ij = 0,

• A solution

W i = − 1

4r

[

7P i + n̄in̄jP
j
]

+
1

r2
ǫijkn̄jSk,

ÃBYij =
3

2r2

[

Pin̄j + Pj n̄i − (ηij − n̄in̄j)P
kn̄k

]

+
3

r3

[

ǫkilS
ln̄kn̄j + ǫkjlS

ln̄kn̄i
]

.

@ Puncture initial data

ψ = 1 +

N
∑

a=1

Ma

2 | r − ra |
+ u,

△u = −1

8
ψ−7

N
∑

a=1

Ã
BY,(a)
ij Ãij

BY,(a)
,

We can make the data contained
many BHs.
This is powerful method for con-
structing initial data for NR.

Parameter P i and Sk correspond to the momen-

tum and spin of BH. n̄i =
xi

r
,



How to find Black Holes in NR



Apparent Horizon(AH)

• AH is a surface where outgoing light rays cannot expand.

• We can locally check if we have AH in our hypersurface.

• Event Horizon exists outside Apparent Horizon.(Hawking and Ellis, 1973)

2D surface defined

with normal vector si,

mµν = γµν − sµsν ,

ℓµ =
1√
2
[sµ + nµ] ,

Θ = ∇µℓ
µ

= Dis
i −K +Kijs

isj

= 0

Θ : expansion 2D surface in 3D space

si
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AH finder for NR

• Nakamura, Oohara and Kojima(1987)

• Shibata(1997)

• Thornburg(2003) → AHFinderDirect(Einstein Toolkit)

• Lin and Novak(2007) → LORENE(France group)

Here, we define the location of AH as r = h(θ, φ).

si = Cψ2s̃i,

s̃i = (1,−h,θ,−h,φ) ,

C =
1

√

γ̃ij s̃is̃j
,

Dis
i =

1√
γ
∂i

[√
γγijsj

]

,

△θφh− h = h,θθ +
cos θ

sin θ
h,θ +

1

sin2 θ
h,φφ − h = S(θ, φ)



AH finder for NR

• Nakamura, Oohara and Kojima(1987)

• Shibata(1997)

• Thornburg(2003) → AHFinderDirect(Einstein Toolkit)

• Lin and Novak(2007) → LORENE(France group)

Here, we define the location of AH as r = h(θ, φ).

si = Cψ2s̃i,

s̃i = (1,−h,θ,−h,φ) ,

C =
1

√

γ̃ij s̃is̃j
,

Dis
i =

1√
γ
∂i

[√
γγijsj

]

,

△θφh− h = h,θθ +
cos θ

sin θ
h,θ +

1

sin2 θ
h,φφ − h = S(θ, φ)

S(θ, φ) = 2hξ
rr

− 2hγ̃
rθ
h,θ − 2hγ̃

rφ
h,φ + h

2
cot θγ̃

θr

−h
2
cot θ γ̃

θφ
h,φ − h

2
ξ
θθ
h,θθ − h

2
ξ
φφ
h,φφ

+
1 − C2

C2

[

2hs̃
r
+ h

2
cot θs̃

θ
− h

2
γ̃
θθ
h,θθ − h

2
γ̃
φφ
h,φφ

]

+
h2C,is̃

i

C3
+

4h2ψ,is̃
i

C2ψ
−
h2Γ̃j s̃j

C2
−

2h2γ̃θφh,θφ

C2

+
h2ψ2

C
Ãij s̃

i
s̃
j
−

2h2ψ2

3C3
K. ξij ≡ γij − ηij



Kerr BH

Boyer-Lindquist coordinates

ds2 = −
(

1− 2MrBL

Σ

)

dt2 − 4aMrBL sin2 θ

Σ
dtdφ+

Σ

∆
dr2BL +Σdθ2 +

A

Σ
sin2 θdφ2,

A =
(

r2BL + a2
)2 −∆a2 sin2 θ, Σ = r2BL + a2 cos2 θ, ∆ = r2BL − 2MrBL + a2,

Quasi isotropic coordinates

rBL = r

(

1 +
M + a

2r

)(

1 +
M − a

2r

)

,

ds2 = −a
2 sin2 θ −∆

Σ
dt2 − 4aMrBL sin2 θ

Σ
dtdφ+

Σ

r2
dr2 +Σdθ2 +

A

Σ
sin2 θdφ2,

3D metric

γij = diag

[

Σ

r2
,Σ,

A sin2 θ

Σ

]

,

Extrinsic curvature

Krφ =
aM

[

2r2
BL

(

r2
BL

+ a2
)

+Σ
(

r2
BL

− a2
)]

sin2 θ

rΣ
√
AΣ

,

Kθφ =
−2a3MrBL

√
∆cos θ sin3 θ

Σ
√
AΣ

.



AH of Kerr BH
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Puncture BH vs Kerr BH
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Summary

• Numerical Relativity became one of powerful tools to investigate
the gravity.

• I briefly reviewed ADM formalism.

• Constraints must be satisfied at initial, but in general, they are
complicated elliptic PDEs.

• Puncture method is a simple method to make initial data includ-
ing BHs and it’s an elliptic PDE.

• Also, I talked about Apparent Horizon, which is important to
search for BH in NR simulations. This is also described as an
elliptic PDE.

• Next, I’d like to talk about how to solve it.


	
	Goal of lectures
	Numerical Relativity
	ADM formalism
	ADM decomposition
	Einstein equations
	Propagation of Constraints

	How to cook Black Holes in NR
	Schwarzschild Black Hole
	Isotropic Coordinates
	Initial Value Problem
	Constraints
	Multi Black Holes
	Puncture Black Hole

	How to find Black Holes in NR
	Apparent Horizon(AH)
	AH finder for NR
	Kerr BH
	AH of Kerr BH
	Puncture BH vs Kerr BH
	Summary


