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Initial Conditions
for Numerical Relativity

~ Introduction to numerical methods
for solving elliptic PDEs ~

Part ||

Hirotada Okawa
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Introduction
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Overview of 2nd order PDEs

e Second order PDE

0*u 0*u 0*u
A— + 2B +C=—=+ f(t,z) =0
ot? Otox Ox? ft,2)
B* — AC <0 Elliptic type A =0
@ (Laplace equation, etc.)
O
— u 2U
3 B2 _ AC =0 Parabolic type g—t = Fc%
cTE) (Heat conduction equation, etc.)
>
= : 0%u 0%u
B2 _ AC >0 Hyperbolic type -7 =¢——

(Wave equation, etc.)
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Examples of Elliptic PDEs
e Hamiltonian and Momentum constraints
X 1 = 1 5 5 1 75 5 Ro5
— YR ——y’K*+ =¢ "A;; AV = —=¢’p,
Ay = SoR = Sy K2+ p A, i
5 1~ - . . . 9
AW+ 4V, (VW) + Ry = VOV Rt

e Apparent Horizon Finder

0 1
COS hy

sin @ Sm 26

h.go + hgsp —h=5(0,0).

e Part of Shrodinger equation with potential

d?
oo T (W =V)T =0
e Pulsar equation
202 2 1 2\ 2 2 d/p
(1— R203) [aRfo — Rl + 0 ] — 2RO Y + 1672 =0
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els _
e Il 5 Simple example

eln

e [ " e Let us consider static electromagnetic fields.

—

cl, e V. E= 47tp or V;E' = 4mp.
cls

e [ " e Electric field can be described with electric potential as E=-Vo.

celly .
oisson equation

cls 1 —
¢ 1 3 AP = —dmp 0.8 |
cls |
e [ " Example of electric source & o6}

=y
[ @ l b ) e Spherical symmmetry g 04l

g o
¢ : S e Very simple problem 05

0 F

c l 0 (r) = PO (1 — ?“2) , r <1 0 0'5 ll 1'5
ey 7 0, r>1 | r |
¢ l o Electric source is confined to the sphere(r < 1).
cleo
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3D spherically symmetric problem
19,0 1 %, 1 9
AP = —— 7“2—](I>—|— [sin@—]éb—l— ® = —4r
r2 Or [ or r2sin 6 00 r2 sin? 6 O¢? P
() r<1 (i) r > 1
1 0 0 1 0 0
7“_25(7“25)@ = —4mpo <1—7‘2) T_QE(T2E)(I) = 0
0 1 1 0
7“25(1) = —47mpo (gfr?’ — 57“5 —|—C’1> 7“25(1) = (5
C
® = —2mpo (%'r2 — 11—07"4) + Co ¢ = —73 + Cy
C1 = 0 because of B.C. E(O) — (. C4y = 0 because of B.C. ¢ ‘OO% 0.
(iii) Electric potential and field should be con-
tinuous at r =1 p
TP [T4 2r® 1] r <1
O — — —5 )
cs = -ZB 3(r) = § 5.3
15 87 po
Cy = mpo. \ 157 r>1
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Analytical Solution

0.25
02 F
g
< 0.15 }
e
.®
S 0.1
IS
(al
0.05 |
0

Other useful analytical methods:

e with special functions(Harmonic functions, etc.),
e with Green's function,

e with Fourier transformation, - - -

Electric field E [4mp)]
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Methods for solving elliptic PDEs

e Relaxation method e Shooting method
e Jacobi method e Conjugate Gradient(CG) method
e Gauss-Seidel e Spectral method

method

e Multi-grid method
e SOR method

@ We really have various numerical methods to solve elliptic PDEs.

@ We can also choose the programming language which we use.
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Programming Languages

http://en. W|k|ped|a org/W|k|/L|st of_programmlng Ianguages

~ Wikipedia, the fre

.......

o chaiy

« Dinke
......

nnnnnn

=l
03:02 (180, 0) |

hittp:/fen wikipedia.orgfwikifList_of programming_languages
Done

Daily Life

Shell(bash, zsh)

Physics C++(COSMOS)
Fortran90(SACRA)
Data Formatting awk, Perl

Web

javascript, Java
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Whitespace

e A programming language which accepts only white space char-
acters(spaces, tabs, newlines)!?
http://compsoc.dur.ac.uk/whitespace/
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Whitespace

e A programming language which accepts only white space char-
acters(spaces, tabs, newlines)!?
http://compsoc.dur.ac.uk/whitespace/
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Whitespace

e A programming language which accepts only white space char-
acters(spaces, tabs, newlines)!?
http://compsoc.dur.ac.uk/whitespace/

==
'__h—
-
e
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Whitespace

e A programming language which accepts only white space char-
acters(spaces, tabs, newlines)!?
http://compsoc.dur.ac.uk/whitespace/

=
'__h—
-
e

© When we print out source code, it would be “white".
@ It will be more difficult to debug our code.
© You had better use the code you can see more.



cla
ey
ey
clls
Qis
ey
ey
ey
ey
ey
ey
ey
ey
ey
Qis
cls
cls
cls
clle

Difference method

Taylor expansion for forward difference

Qz + Az)

(z) =

4
ox

1
Ax

2 2 3 03
Q(:C)+A:C6—Q+Ax 3Q+Ax 0Q

ox

2 0x?

1+ 1

6 Ox3

[Q(x + Az) — Q(x)] + O(Ax).

+O(Az?),

1+ 2



¢ I b
e B » Difference method

N Tayl ion for backward diff
(‘ l ,’ ay or expansmn or pacCkKwar ITrerence
¢elin - .
A A

el Qu-an) = Q) -aS2 BETY 2T TE L o),
(‘l’) 90 . Ox 2 Ox 6 Oz
ells 1) = Q@) — Qz — Ax)] + O(Ax).

(9:13 A.CIZ' I

clls»
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Difference method

Taylor expansion for central difference

Qlz +Azr) = Qz)+ A:c(g—f + Af 21% + Agg (2)1632 +O(Az?),
Qr —Ar) = Qz)— A:c(g—f + Af 21% — Agg (2;632 + O(AzY,
2—3(@ = ﬁ Qz + Azr) — Q(z — Az)| + O(Ax?).
i—2 i—1 i i+ 1 i +2
~



Difference method

Taylor expansion for central difference

Qx
Q(z

0°Q

Ox2

+Azx) =
—Azx) =

0Q)
%(1’) =

(@)= 53|

00 Ax?9*Q N Az? 0°Q)

Q(w) + Ar =+

ox 2 0x?

0 Ax?9*Q B Az® 0°Q)

Qx) — ArSE 4
1
e

2 0x?

6 Oz

6 Oz

Q(z + Az) — Q(z — Az)] + O(Az?).

+O(Az?),

+O(Az?),

L

I' Iz’—1 Iz |7;+1 Iz‘+2

Accuracy

Q(x+ Ax) —2Q(z) + Q(x — Az)] + (’)(A‘:z;z).
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4th order

Qz + Az)
Q(z — Ax)
Qz + 202)
Q(x — 2A%)
2 (@)

8%2Q
Ox2

()

0Q Az?2 020 Az 93Q Az*o*Q Az® 8°Q

A O(Az®),
Q@) + Aw ox + 2  9x2 + 6 Ox3 + 24 Ozx4 + 120 Ozd +0(Az7)
0Q Az?02Q Az383Q Az?2o%*Q Az 0°Q 5
— A — — oA 3
Qe) wax + 2  Ox2 6 Ox3 24 Ozt 120 Oz +O(Az5)
0Q 22Az2 9%2Q 23Az3 83Q  2%Az? 9@  2%°Ax5 8°Q 6
A O(Az®),
Q@)+ Y on * 2 dx2 6 dx3 24 Ozt T 120 Oz oA
Q@) — A oQ N 22Az2 92Q 23Az3 83Q N 24Az% 84Q  25Az5 8%Q oA
_ _ _ 25).
* v ox 2 Ox2 6 Ox3 24 Ozt 120 Ox°
—— [-Q(z +242) + 8Q(z + Az) — 8Q(z — Az) + Q(z — 2Aw)] + o(Az?),
X
oA [—Q(x 4+ 2Ax) + 16Q(x + Ax) — 30Q(x) + 16Q(x — Ax) — Q(x — 2Ax)] + O(A:c4).
X —————————
i —2 i—1 i i+ 1 i+ 2

— e —————— i —

We can use many grid points for getting high accuracy.
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e B » Relaxation method

els
ells Poisson equation 5’1#
c:’ Ap—S=0 — a Aw S
clis T
els T : virtual time(step)
¢ B » Discretization in Cartesian coordinates
¢ : > = Ve = MRt Ve Y~ 2+
RN AT Ax? Ay?
cl,’ - ka1l 2V e T e

l Az2 "
: i : Next step values are determined by

" 20T 2AT  2AT7

¢ : 3 wj ;{I—% = {1 COAz2 Ay?2 o Az2} wj,k,l
€2 et ew e e un
¢ l o | Az? JAVTE: Az? Dbl
o8 Ko |
[ g : ”» Repeat this iteration until @b”“ Tl
RO
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e 1 » Jacobi method

els

< l o ] 1D Poisson equation(not spherical)

QlG 02

cls T

e B 5 Discretization

els Yirt =20+ 51 o
- J

cls Az?

|
:.: How to update data

1
(‘ l 0 ¢;‘L+1 — 5 { ;71+1 + ¢?—1 — AZUQS;%}
ellsn

./ XX\
c:o
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Jacobi method
1D Poisson equation(not spherical) 2D Poisson equation
9% oy 0%
_ _ A = + =S
Aw — @ — S w o012 8y2
Discretization How to update data
) - ] ) n 1 n n
Yyt i¢]2+ Vi1 = 5; wjjsrl -1 [¢j+1,kz T Y51k
L
T 1tV 1 — Ah25§ikz]
How to update data
) 1 , kE+1
n—+ — n n n
gt = S ey - AlPS

el

cells»
cells»
clls»

elle
R

XX

e e s e s -
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Matrix expression for Jacobi method

Discretized Poisson equation
Vit — 29 + ¥j_1 = AzS;

Ay
1
0

ANt

Aqo
—2
1

Ano

Ais
1
—2

AnNs

Jacobi method

AN |

Aan
Aszn

ANN

o 1
D e wj = e
JJ

Yo
1
V2

.

Matrix expression

Ap o = by
B T
A:UZSl
— ACUQSQ

bn

7]

N
bj — > Ajm?}

There are many methods for solving Azﬁ = b as 15 = A 1b.
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Gauss-Seidel method

Jacobi method

. 1
e Next step value is deter- @D;-LH =3 { i iy — szSﬂ
mined by previous step
n+1
value. 4 4 4 $ -
e [teration continues until
values converge. n

Gauss-Seidel method

1
et = 5 [+ - aesy]
e Next step value is de-
n+1 . i
$ $ 3 $ T termined by previous

N A step value and updated
\ \ \ Value.

e s e e ey
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SOR method
Gauss-Seidel method
mn 1 n mn n
wj ‘|‘1,GS _ 5 |:¢j_}_1 _I_ wjj—ll . AQZQS]}
n—+ 1
W
NN\
n%

Successive Over-Relaxation method

A — wij‘l,GS - w;z
?ﬂ?“ =i +wA

/A : Amount of variation
w : Acceleration parameter

Acceleration parameter is usually chosen as 1 < w < 2.
w = 1 : Gauss-Seidel method
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Code Tests
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Test source

1

0.8 r

0.6

0.4 t

0.2 r

L
/\ /\

Anélytical Solution
Numerical Results X

S(x) = 1222
d(z) = 2*
Dirichlet B.C. : ®(zp) =z}

Neumann B.C. : (%CI) leg=0

0.2 0.4 0.6 0.8
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Difference among methods

0.1 3
S
m
02) 0.01 f
2 ;
(D)
m 3
0.001 3
0.0001

L

| Gauss-Seidel
_SOR(r19) —  \ L\

Jacobi

10 100 1000 10000 100000 1e+06
time step

We can save the time by SOR.
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el » Convergence Test

¢ l 3 0.001

cls T EmgEad -

cl’ | Numerical results -

cls |

cls

cls

cls

cls

cls

cls

cls

¢ : )

1e-05 = . e .

slz : 1le-05 0.0001 0.001
2

cls

cls Convergence tests always tell the truth.

clle
R

0.0001

Maximum Error

AX



cla
ey
ey
clls
Qis
ey
ey
ey
ey
ey
ey
ey
ey
ey
Qis
cls
cls
cls

clle
R

Nonlinear Source

0.3

0.25

0.2

e 015}

0.1}

0.05 |

p(T)

02 P
or2

' Analy;tic Solution

Numerical Results

_ { PO <1—7’2),

0,
2 0P

= —dmp(r) =~ —

r Or

+*

Const. (RobinB.C.)

0.5

1.5
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Summary

We have many elliptic PDEs in physics.

Sometimes, we can solve it analytically, but in general we cannot.

It's important to know how to numerically solve it.
| reviewed how to solve elliptic PDEs.

| made codes, showed test results and will upload these with some
exercises.

With these codes, you only have to change boundary conditions
and source term which you want to solve.
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