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Introduction



Overview of 2nd order PDEs

• Second order PDE
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Examples of Elliptic PDEs

• Hamiltonian and Momentum constraints
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• Apparent Horizon Finder
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• Part of Shrödinger equation with potential
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Analytical methods



Simple example

• Let us consider static electromagnetic fields.

• ~∇ · ~E = 4πρ or ∇iE
i = 4πρ.

• Electric field can be described with electric potential as ~E = −~∇Φ.

Poisson equation

△Φ = −4πρ

Example of electric source

• Spherical symmmetry

• Very simple problem
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Electric source is confined to the sphere(r ≤ 1).



3D spherically symmetric problem
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C1 = 0 because of B.C. E(0) = 0.

(iii) Electric potential and field should be con-
tinuous at r = 1
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Analytical Solution

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  0.5  1  1.5  2  2.5  3  3.5  4
 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

Po
te

nt
ia

l Φ
 [4

πρ
0]

El
ec

tri
c 

fie
ld

 E
 [4

πρ
0]

r

Φ
E

Other useful analytical methods:

• with special functions(Harmonic functions, etc.),

• with Green’s function,

• with Fourier transformation, · · ·



Numerical methods



Methods for solving elliptic PDEs

• Relaxation method

• Jacobi method

• Gauss-Seidel
method

• SOR method

• Shooting method

• Conjugate Gradient(CG) method

• Spectral method

• Multi-grid method

@ We really have various numerical methods to solve elliptic PDEs.

@ We can also choose the programming language which we use.



Programming Languages

Daily Life Shell(bash, zsh)
Physics C++(COSMOS)

Fortran90(SACRA)
Data Formatting awk, Perl

Web javascript, Java

http://en.wikipedia.org/wiki/List of programming languages

A

B

C

D



Whitespace

• A programming language which accepts only white space char-
acters(spaces, tabs, newlines)!?
http://compsoc.dur.ac.uk/whitespace/
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Whitespace

• A programming language which accepts only white space char-
acters(spaces, tabs, newlines)!?
http://compsoc.dur.ac.uk/whitespace/

@ When we print out source code, it would be “white”.

@ It will be more difficult to debug our code.

@ You had better use the code you can see more.



Difference method

Taylor expansion for forward difference
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Difference method

Taylor expansion for backward difference
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Difference method

Taylor expansion for central difference

Q(x+∆x) = Q(x) + ∆x
∂Q

∂x
+

∆x2

2

∂2Q

∂x2
+

∆x3

6

∂3Q

∂x3
+O(∆x4),

Q(x−∆x) = Q(x)−∆x
∂Q

∂x
+

∆x2

2

∂2Q

∂x2
−

∆x3

6

∂3Q

∂x3
+O(∆x4),

∂Q

∂x
(x) =

1

2∆x
[Q(x+∆x)−Q(x−∆x)] +O(∆x2).

∆x

i− 2 i− 1 i i+ 1 i+ 2

Q′
i



Difference method

Taylor expansion for central difference
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4th order
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We can use many grid points for getting high accuracy.



Relaxation method

Poisson equation

△ψ − S = 0
∂ψ

∂τ
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τ : virtual time(step)

Discretization in Cartesian coordinates

ψn+1
j,k,l

− ψn
j,k,l

∆τ
=

ψn
j+1,k,l − 2ψn

j,k,l
+ ψn

j−1,k,l

∆x2
+
ψn
j,k+1,l − 2ψn

j,k,l
+ ψn

j,k−1,l

∆y2

+
ψn
j,k,l+1 − 2ψn

j,k,l
+ ψn

j,k,l−1

∆z2
− Sj,k,l

Next step values are determined by

ψn+1
j,k,l

=

[

1−
2∆τ

∆x2
−

2∆τ

∆y2
−

2∆τ

∆z2

]

ψn
j,k,l

+ ∆τ

[

ψn
j+1,k,l + ψn

j−1,k,l

∆x2
+
ψn
j,k+1,l + ψn

j,k−1,l

∆y2
+
ψn
j,k,l+1 + ψn

j,k,l−1

∆z2
− Sj,k,l

]

.

Repeat this iteration until ψn+1
j,k,l ∼ ψnj,k,l.



Jacobi method

1D Poisson equation(not spherical)

△ψ =
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Discretization
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Jacobi method

1D Poisson equation(not spherical)

△ψ =
∂2ψ

∂x2
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Discretization
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2D Poisson equation
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Matrix expression for Jacobi method

Discretized Poisson equation

ψj+1 − 2ψj + ψj−1 = ∆x2Sj

Matrix expression
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Jacobi method

There are many methods for solving A~ψ = ~b as ~ψ = A−1~b.



Gauss-Seidel method

• Next step value is deter-
mined by previous step
value.

• Iteration continues until
values converge.

Jacobi method
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Gauss-Seidel method

• Next step value is de-
termined by previous
step value and updated
value.

ψn+1
j =

1

2

[

ψnj+1 + ψn+1
j−1 −∆x2Snj

]

n+ 1

n



SOR method

Gauss-Seidel method

ψ
n+1,GS
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]
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Successive Over-Relaxation method

△ ≡ ψ
n+1,GS
j − ψnj

△ : Amount of variation
ψn+1
j = ψnj + ω△

ω : Acceleration parameter

Acceleration parameter is usually chosen as 1 < ω < 2.
ω = 1 : Gauss-Seidel method



Code Tests



Test source
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Convergence Test
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Nonlinear Source
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Summary

• We have many elliptic PDEs in physics.

• Sometimes, we can solve it analytically, but in general we cannot.

• It’s important to know how to numerically solve it.

• I reviewed how to solve elliptic PDEs.

• I made codes, showed test results and will upload these with some
exercises.

• With these codes, you only have to change boundary conditions
and source term which you want to solve.
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