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Initial Conditions
for Numerical Relativity

~ Introduction to numerical methods
for solving elliptic PDEs ~

Part |

Hirotada Okawa
CENTRA/Instituto Superior Técnico
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Goal of lectures

Let’s solve the elliptic PDEs!

o Why?

e How?

—

—

Part |

Part |l



Numerical Relativity
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ADM formalism

e General Relativity : 4 y)-dimensional spacetimes

e ADM formalism : Arnowitt-Deser-Misner(1962),
re-printed in arxiv:gr-qc/0405109

_OH s _ OH

- aqz 9 QZ' — apz

H : Hamailtonian v . coordinates ' momenta
y { y P

©@ Cf. Hamiltonian formalism p; =

© Spacetimes = Evolution of 3D spaces(3+1 decomposition)
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ADM formalism

e General Relativity : 4 y)-dimensional spacetimes

e ADM formalism : Arnowitt-Deser-Misner(1962),
re-printed in arxiv:gr-qc/0405109
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©@ Cf. Hamiltonian formalism p; =

© Spacetimes = Evolution of 3D spaces(3+1 decomposition)

a 3-dimensional Cabbage
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el » ADM formalism

els
el e General Relativity : 4 y)-dimensional spacetimes

S:? e ADM formalism : Arnowitt-Deser-Misner(1962),

clls
e | ~ @ Cf. Hamiltonian formalism p; =

re-printed in arxiv:gr-qc/0405109

_OH s _ OH
. 8(]1 Y QZ. — apz
& i N H : Hamiltonian, ¢*: coordinates, p': momenta

cells @ Spacetimes = Evolution of 3D spaces(3+41 decomposition)
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ADM decomposition

BCL

Ay

N~§

3D hypersurface

3D spatial metric

n% is a timelike normal vector
defined as n® = (1/a, 8" /a), n%ng = —1.

Einstein equations

Gab = 7zab — %gabR — HLTaba

Kk = 8wG/ct.

Yab = Yab + gy

(regarded as coordinate)

ds® = —a’dt® +;; (Bt + da’) (B7dt + da?)

‘ Projection tensor ‘

Vo = 0f + niny

Extrinsic curvature

Kaup = — 5= (0Yab

20

3D Derivatives

DiWJ =484V WP,

(as momentum)

- Dbﬁa — Daﬂb)

‘ Projection of Einstein equations‘

ASIE
([l

(Gap — KTup) nn? =0,
%‘C (Gcb -
%07;1 (Geq — KTeq) = 0.

kT) n’ =0,
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¢ l o p:energy density, j;:current density

LD

ely Gunn® = kTynn® — ORLK? K ;K9 = 2kp,
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Einstein equations

Hamiltonian Constraint

p:energy density, j;:current density

el Gunn® = kTynn® — COR4 K2 - K ;K9 = 2sp,
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b b
VGapn® = VKT gn

Momentum Constraints

%

D;K! — DK = kj.

All quantities are spatial.
(They must be satisfied on each 3D hypersurface.)



Einstein equations

Hamiltonian Constraint p:energy density, j;:current density

Gann® = kTgn*n® — OGR4+ K2 - Kj;K9 = 2xkp,

VeGan® = AkTyn® — Dng—DZ-K = KJ;.

All quantities are spatial.
(They must be satisfied on each 3D hypersurface.)

Momentum Constraints

Evolution equation Vﬁchd = %-C%C-l/%Tcd —

0. K;; = B*DyK;;+ KiyD;" + KiyD;3" — D; Do

— S5
+ « (Rw — QKZka + KZ]K — K Sz'j + p—/}/@]

).

Sij = ’Yf’YJchd, S =4S,
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e B » Einstein equations
cells

¢ l 3 Hamiltonian Constraint p:energy density, j;:current density

el

el Gunn® = kTynn® — COR4 K2 - K ;K9 = 2sp,

clls b b j -
el VGan® = YiRTan® — D;K;] — D;K = Kj.
& | ~ : All quantities are spatial.
e l ~ Momentum Constraints (They must be satisfied on each 3D hypersurface.)
€ l 3 - . c~d cA~,d
e B » |Evolution equation ViV Gea = ViV Tea —
cls k k k
el 0Ky = ["DpKij+ KyDip"™ + Ky D" — DD«
— S

cellr > 3

.. — ~CA/d — 1] Q..
clls ~vi; and K, are variables to evolve in ADM system. %ig =i ed, 5 =77 545
[ @ l ;| at')/ij — _204K7jj + Djﬁi -+ Diﬁj Cf. Hamiltonian formalism
clle (Definition of K, ;) pi=—3%, di= 5k
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Propagation of Constraints

In principle, we can solve only the evolution equation in ADM system
for an appropriate initial condition, so that we can save numerical costs.

VbGab — anTab
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€ : 3 In principle, we can solve only the evolution equation in ADM system
¢E3 for an appropriate initial condition, so that we can save numerical costs.

els
el 0=V’Gy = VT, =0

« : ? Bianchi Identity—A LEnergy Conservation
¢ 3 Nature of Riemann tensor
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e B » Propagation of Constraints

€ : 3 In principle, we can solve only the evolution equation in ADM system
¢E3 for an appropriate initial condition, so that we can save numerical costs.

els
el 0=V’Gy = VT, =0

« : ? Bianchi Identity—A LEnergy Conservation
¢ 3 Nature of Riemann tensor

AL -
l - C (Gyp — kTyp) nn?,

:l - Gab — K'Tab — gab+napb+nbpa —l_nanbc zz

AL

AL

AL

¢lin

cls

cls

AL

elle
R

b
'chl (Gcb - ’{ch) n,

d
’72'7&; (ch - K'Tcd) .
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Propagation of Constraints

In principle, we can solve only the evolution equation in ADM system
for an appropriate initial condition, so that we can save numerical costs.

0=V'Gy =krV'T, =0

Bianchi Identity =4

Nature of Riemann tensor

Gab — K'Ta,b — ga,b + na,Db + ana =+ nanbc Pa

navb (Gab — /ﬁJTab) =0

ngb (Gcb — Kch) =

LEnergy Conservation

C

gab

Hamiltonian Constraint along n®

Momentum Constraints along n®

(Gab — KTgp) nanb,

b
'chl (Gcb - ’{ch) n,

d
’72'7&; (ch - K'Tcd) .

el 'V, D, = DV, — EnVon — D Vo + DynenVend — DyVin,

elle
R



How to cook Black Holes in NR
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Schwarzschild Black Hole

2M
ds? = _(1_—
> R
@ 3D metric |
YRR

1 =%

dt?
)+

Hamiltonian Constraint

BR+ K? — Kj; K

D;K] — D;K

YRR

Momentum Constraints

1
s AR + R (d6° + sin® 6d¢’)

— SAr o 100 = R27 Yoo = R2 Sin29

15

10

-10 F

-15

@ Extrinsic curvature
Kij=%; =20
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Schwarzschild Black Hole

®2=:—(Lf%gdﬁ+1j%NRHJ#@¥+$ﬁ&Mﬂ
R
© 3D metric | @ Extrinsi.c curvature
73321_%,799:}22, 7¢¢:R2sin20 Kij =%,;=0
Hamiltonian Constraint 15 o —
Ry K?— K,;K7 — 0 i
D,K! — D;K = 0. 5?
Momentum Constraints 10 |
e B 3 But how do we treat the coordinate singularity?. “o I2 4 - : 3 10
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We should change the

coordinates!
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e B » Isotropic Coordinates

eln

¢ | o e isotropic radial coordinate r defined as R =r (1 +

LD

M 2
o

el | d_R:(1+M) (1_%) R = [2M,o0] = 1 = [, o0

Ql') dr 2r 2r
cl" 2M 1
elln ds?> = - (1 — ?) dt? + 3 dR? + R*dQ)?,
~ R

cl" 1— M/2r\? M\*

- _ de? + 1+— dfr —}—fr2d§22 = —a2dt? + ¢in;;datda?
(‘l') (1+M/2'r) ( 7“ ’
cls

els - (4)'} wo(¥)
SI; ds? = —afar? + (14 37)" [ar + a0

e B » Same form as coordinate 1!

clls M M
elly 7=|5 00 =>1r=10,7F]
clle

fe=r
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M 2
o

R=[2M, 0] — r = [&, 00

[dr? + r2dQ?%| = —afdt® + Yinida’ da?

e B » Isotropic Coordinates
cells
clls e isotropic radial coordinate r defined as R =r (1 +
C:O
d M M
) ARG
el dr 2r 2r
cells
¢ | o ) ds = - (1 = %) dt* + - jm dR? + R?d0O?,
R
ells 1—M/2r\?  , M 4
clls» - _(1—|—M/2'r) dt+(1+_r
cells

g () h e ()
cuy

ely -

e B » Same form as coordinate 7!
el
elly =[5 00| =r

elle
R

—a2dt? + (14 2)* [ar? + r2d0?]

S

Einstein-Rosen Bridge
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Initial Value Problem

e Initial data must satisfy the constraints.
(Hamiltonian constraint and Momentum constraints)

e \We have 4 constraints and 12 variables.

e \We can set the situation we want to solve and must solve the

constraint equations.

York-Lichnerowicz
conformal decomposition

vi; = ;.

(‘ I " Relation of conformal variables

Qi
cls
cls
cls
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i
Lk

R

oy 2 =~ .- vile
et o |6:Dytp + 6}, Djap — 54,6 Dip |

= Ry~ =8y S A.

Transversq-_TraceIess
decomposition

1
= A + PRCA

= @D_QAij.

Relation of conformal variables

D;AY

~

0; AY + T A% + T, A"
w—lODinj’

N 3 2 .
Din + DjWi — g’yijDka:.
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Constraints

e Constraint equations in ADM formalism

(3)R+K2—Kinij = 2/43,0,

D,K! — DK = kj.
e Conformal decomposition of Constraints

- 1 - 1 1 Y K
A — R — —°K*+ —op TA;AY = ——¢°

_ N 2 .
zm%+§m0%wﬂ+3mw = SUSVIK + !,

e \We must solve four elliptic differential equations for initial data.
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e 1 » Multi Black Holes
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@ Single Black Hole e Momentum constraints are trivially satisfied.
(Schwarzschild BH)

e Hamiltonian constraint is also satisfied.
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el » Puncture Black Hole
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© Bowen-York initial data

@ Puncture initial data

e Assumptions

al M,
a
K = 0 ,  Maximal condition yo= 1+ Z 2 _ U
- |7 —7q |
Yij = Mij , Conformally flatness = N
P — 1 , Asymptotically flatness Au = _lw_'? ABY,(a)Aij
3 ij BY,(a)’
a=1

« Constraints

We can make the data contained

AW, 4+ %Vy; (v,w7) = o many BHs.
I This is powerful method for con-
—ah— .. A] — : —
ayt gy Ay 0 structing initial data for NR.

e A solution
|/ Za——

iBY  _

Parameter P* and S* correspond to the momen-
: .z
tum and spin of BH. ' = —,
r

_ L TP+ 7'n, P +

1 .
—ewkﬁjsk,
4r

/r‘2

3 _ _ ke 3 Ik~ Ik
ﬁ [Pinj —I—Pjnq; — (nij — ’nq;nj)P nkz} + 7‘_3 [ek,ilS n'n; +ek,le n nz] .



How to find Black Holes in NR
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Apparent Horizon(AH)

e AH is a surface where outgoing light rays cannot expand.

e We can locally check if we have AH in our hypersurface.

e Event Horizon exists outside Apparent Horizon. Hawking and Etiis, 1973)

2D surface defined

with normal vector s?,

oy
PH
©

Yuv — SuSv,
1 S
— [s" + n#],

V2
Nz

DiSi — K + KijSiSj
0

2D surface in 3D space



Apparent Horizon(AH)

e AH is a surface where outgoing light rays cannot expand.

e We can locally check if we have AH in our hypersurface.

e Event Horizon exists outside Apparent Horizon. Hawking and Etiis, 1973)

2D surface defined

with normal vector s?,

My — Yuv —
1

-
V2

0 = V¥

© : expansion

322113333333323222



Apparent Horizon(AH)

e AH is a surface where outgoing light rays cannot expand.

e We can locally check if we have AH in our hypersurface.

e Event Horizon exists outside Apparent Horizon. Hawking and Etiis, 1973)

2D surface defined

with normal vector s?,

My — Yuv —
1
-
V2
0 = vV,
= D,,;Si
= 0

© : expansion

322113333333323222
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AH finder for NR

e Nakamura, Oohara and Kojima(1987)

e Shibata(1997)

e Thornburg(2003) — AHFinderDirect(Einstein Toolkit)

e Lin and Novak(2007) — LORENE(France group)

C)?§,

(1. —ho).

1

-~-’
\/ VigS'S?

1

val

—=0i |V17" s

qubh —h = h,gg +

cos 6

h o +

sinf ’

Here, we define the location of AH as r = h(6, ¢).

1

Sin

20

h ¢ —h = 5(0,9)



cla
AL
AL
AL

el

AL
AL
AL
AL
AL
AL
AL
AL
AL

el

cls
cls
AL
clle

AH finder for NR

e Nakamura, Oohara and Kojima(1987)

e Shibata(1997)

e Thornburg(2003) — AHFinderDirect(Einstein Toolkit)

e Lin and Novak(2007) — LORENE(France group)

Here, we define the location of AH as r = h(6, ¢).

cos 6 1
g Ngsh —h = h gy + ho + hows—h=S(0
— C¢2SZ, 0% =50 sing sin2 6§ wa? (6,¢)
= (1, —hg,—h f) , S(0,¢) = 2he™" — 207" h g — 207" h 4 + h7 cot 657
1
— - —h%cot 0 7%%h 4 — h2e%%h g — RZEPPh 44
Vijs's e
’ — [2h§r + h2 cot 03% — B25%%h gy — h2§¢¢h,¢¢}
— . ] \ | | _
— 782 {ﬁV Sjlo +h2qi§% . 4h®4 ;30 R2TI5; 2h239%h gy
- c3 C24) C? C?
202 . 9n242 Y .
Py B R g £V =Y —n*
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cl»’ Kerr BH
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_<1

2Mrgy,

Boyer-Lindquist coordinates

>

) a2 4daMrpgy sin? 6

b A
dtde + ZdﬁB .+ 2do? + S sin? 0d¢?,

2
A:(T2BL‘|‘CL2) — Aa?sin?0, ¥ =r%; +a’cos’d, A=r%, —2Mrgp +ad?,

rBL —

ds® =

3D metric

vij = diag

|

M
7“<1—I— +d

Quasi isotropic coordinates

2r

) 1+

a?sin?6 — A

de? —

>

50 ’
702

>

Asin? 0
)Y

[

M—a)
2r ’

4daMrpr sin? 0

)y A
dtd¢ + —dr? 4 %d6” + S sin? 0d¢?,
T

Extrinsic curvature

aM [QTQBL (T2BL —|—a,2) + X (T2BL — a2)] sin? 0

Kr — )
¢ rYV/AY
—2a3Mrgrv A cossin3 0
Koy = .

YVAY
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AH of Kerr BH

AH area[MZ]

AH area

i AH area(numerical) X
~ AH radius(numerical)

O 01 02 03 04 05 06 07 08 0.9

BH spin[M]

1

0.8

0.6

0.4

0.2

0

AH radius[M]
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Puncture BH vs Kerr BH

spin[M]

0.45

0.4

0.35 f

0.3 |

0.25 |

0.2 |

0.15

0.1

0.05

Puncture S,=0.2 ———
Puncture S,=0.3
Puncture S,=0.4 ——
Kerra=0.2 ------ -
Kerr a=0.3
. . . Kerra=0.4 ------
0 20 40 60 80 100

time[M]
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Summary

e Numerical Relativity became one of powerful tools to investigate
the gravity.

e | briefly reviewed ADM formalism.

e Constraints must be satisfied at initial, but in general, they are
complicated elliptic PDEs.

e Puncture method is a simple method to make initial data includ-
ing BHs and it's an elliptic PDE.

e Also, | talked about Apparent Horizon, which is important to
search for BH in NR simulations. This is also described as an
elliptic PDE.

e Next, I'd like to talk about how to solve it.
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