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Abstract

Black holes (BHs) are the simplest macroscopic objects predicted by Einstein’s theory
of General Relativity (GR). Nowadays, the concept of BH is widely used in astrophysics
to refer to those densest astrophysical objects. However, the curvature singularity in the
interior of BHs leads to breakdown of known physics. Exotic compact objects (ECOs) are
proposed as BH mimickers and tightly connected with the dark matter puzzle. Therefore,
using observations to quantify the nature of compact objects is of paramount importance.
Predicted by GR, geodesic synchrotron radiation (GSR) has attracted attention again in
recent years, providing approaches to probe spacetimes and the nature of ECOs.

Uniform-density stars are studied in this thesis as a proxy for ECOs due to its simplic-
ity. A sufficiently compact uniform-density star can host two light rings, an unstable light
ring in the exterior and a stable light ring in the interior, corresponding to circular null
geodesics. Circular time-like geodesics are unstable when close to the unstable light ring,
while circular time-like geodesics inside the stable light ring are stable. Charged particles
can emit synchrotron radiation when orbiting on these circular time-like geodesics.

Scalar radiation in the vicinity of uniform-density stars is computed in both numerical
and analytical approaches. Outside the star, scalar radiation has similar features to that
in BH case: near the unstable light ring, the radiation is suppressed in each mode and
dominated by high-frequency modes. It has also distinctive excitations due to those
trapped modes. Inside the star, scalar radiation is suppressed when particles are close
to the stable light ring, as well as when it is compared with the radiation emitted by
particles orbiting the unstable light ring. Analytical result reveals that the suppression is
due to the potential barrier between the stable light ring and turning point as the barrier
corresponds to an exponentially decreasing factor. Less compact stars are expected to
have lower potential barriers thus the suppression is less significant. Electromagnetic and
axial gravitational radiation are also the same as those in BH case except for excitations.
Radiations from the stable light ring are similarly suppressed.

Future work shall first investigate polar gravitational radiation for a complete under-
standing of GSR. Orbital evolution and gravitational waveform are also of interest. Other
ECO models such as boson stars should also be considered and studied.

ii



Contents

Acknowledgements i

Abstract ii

1 Introduction 1

2 Uniform-density stars 6
2.1 Null geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Unbound photon orbits . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.2 Bound photon orbits . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Time-like geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Geodesic synchrotron radiation 18
3.1 Setup for scalar radiation . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2 Source term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.3 Energy flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.4 Schwarzschild black hole case . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.5 Uniform-density star case . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.6 Electromagnetic and gravitational radiation . . . . . . . . . . . . . . . . . 31

4 Conclusions 34

A Photon escaping angle 36

B Particle collisions at the surface 38

C Bound orbits revisited 40

Bibliography 42

iii



Chapter 1

Introduction

Black holes (BHs) are the simplest macroscopic objects predicted by Einstein’s theory
of General Relativity (GR). Back in 1915, Karl Schwarzschild derived the first static,
spherically symmetric, vacuum solution to the field equations [1]. The solution with
angular momentum was found in 1963 by Roy Kerr [2], which described a BH rotating
at a constant angular velocity. In the context of astrophysics, it is straightforward to
argue that any significant electric charge carried by BHs will be rapidly neutralized by
surrounding plasma [3], as such BHs are described by only the mass M and the angular
momentum J . This is a consequence to what is known as no-hair theorem [4].

Nowadays, more than one hundred years after the BH solution in GR was given,
the concept of BH is widely applied in astrophysical research, referring to those densest
astrophysical objects. In recent years, we have witnessed remarkable progress in the search
for direct observational evidence of BHs, with the advent of gravitational wave astronomy
[5–10] and very long baseline interferometry [11–22].

However, BHs also pose significant challenges to our understanding of physics. Non-
rotating BHs are described by the Schwarzschild geometry (hereafter geometrical units
G = c = 1 are used)

ds2 = −
(
1− rH

r

)
dt2 +

(
1− rH

r

)−1

dr2 + r2
(
dθ2 + sin2 θdϕ2

)
. (1.1)

There is a coordinate singularity at r = rH that gives rise to the existence of an event
horizon, which prevents us from probing the internal structure of a BH. This singularity
can be eliminated through a coordinate transformation. Another singularity is located at
r = 0. By constructing the Kretschmann scalar

K = RαβγρR
αβγρ =

12r2H
r6

, (1.2)

where Rαβγρ is the Riemann curvature tensor, we find the singularity at r = 0 is inde-
pendent to our choice of coordinate thus a true curvature singularity, where the laws of
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CHAPTER 1. INTRODUCTION

physics break down. We have to question whether other types of objects could exist that
would exhibit similar behaviour as BHs.

A possible approach involves the concept of regular (i.e. non-singular) BH, which aim
to resolve the issue by proposing modifications to BH, thereby avoiding the formation
of the internal singularity (see [23] for a review). Generally, regular BHs are described
by spherically symmetric, static and asymptotically flat metrics, which have non-singular
centres. But they can still have horizons. A simple example is the Hayward metric [24],
which introduces an additional parameter to measure the size of core region where the
deviation from the Schwarzschild geometry becomes important. Due to the globality
of the deviation, external probes such as gravitational lensing or shadow are possible,
although the weak modifications are beyond the limits of current detection capabilities
[25–27].

Exotic compact objects
An other possibility is the idea of exotic compact objects (ECOs, see [28] for a review),
referring to horizonless compact objects other than neutron stars. ECOs are similar to
BHs in some ways. Birkhoff’s theorem ensures that the exterior of an isolated compact,
spherically symmetric object is described by the Schwarzschild geometry (1.1), where
rH = 2M and M is the mass of the object. Therefore, geodesic motions outside ECOs
are the same as those in vicinity of BHs. Circular time-like trajectories are stable for
only r ⩾ 6M and unstable for smaller radii. The innermost stable circular orbit (ISCO),
defined at r = 6M , determines the size of the inner boundary of a geometrically thin
accretion disk [29] and sets the upper limit for the characteristic frequency of compact
emission regions (“hotspots”) orbiting around accreting compact objects [30, 31].

The existence of circular null geodesics is another essential feature. A circular null
geodesic is possible only at r = 3M in the Schwarzschild geometry [32]. In an equatorial
plane, it defines a light ring, which serves as a useful tool to understand compact objects.
The circular null geodesic at r = 3M is unstable, it defines a critical impact parameter.
Photons from infinity with impact parameters below such a critical value will fall toward
the compact object. Thus, the light ring actually determines how images of BHs or ECOs
look like when they are illuminated by accretion disks or stars, defining their so-called
shadow. On the other hand, consider the light ray emitted by a locally static source near
the event horizon of a BH or the surface of an ECO at r = r0 ≳ 2M , the escape angle
ψesc is (see details in Appendix A)

sinψesc = 3M
√

3f0/r0, (1.3)

where f0 = 1− (2M/r0). For angles larger than these, the light ray falls back and either
gets absorbed by the event horizon of BH or hits the surface of the ECO, if there is
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CHAPTER 1. INTRODUCTION

one. The light rays that are unable to escape reach a maximum coordinate distance
rmax ∼ 2M [1 + 4f0M

2/(r20 sin
2 ψ)], where ψ is away from ψesc. For ψ → ψesc, the rmax

approaches the light ring at r = 3M . A non-zero escape angle indicates that radiation
emitted near the surface of ECO can escape to infinity. As the escape angle vanishes in
the r0 → 2M limit, the ECOs with radii ∼ 2M can produce images extremely similar to
BHs [33].

It is proved that if a spherically symmetric ECO has the necessary light ring to mimic
a BH, it must also have a second, stable light ring , inside which circular time-like mo-
tions are stable [34–36]. Observational signatures related to such a stable light ring can
therefore potentially serve as probes for ECOs. Figure 1.1 shows the general astrophysical
environment hosting an ECO.

Figure 1.1: An equatorial slice of a very compact object. At large distances away from
the center, physics is nearly Newtonian: other small objects – such as the small dot on
the figure – can orbit on stable orbits. The external gray area is the entire region where
stable circular motion is allowed. At the innermost stable circular orbit (ISCO), r = 6M ,
time-like circular motion is marginally stable. At the unstable light ring r = 3M , null
geodesic motion is allowed. For horizonless objects, a second, stable light ring may exist
as one approaches the geometric center. The astrophysical properties of a compact object
depends on where in this diagram its surface is located. Figure is from [28].

The dark matter connection
The existence of dark matter (DM) has been discussed for more than a century [37–39],
however the nature of DM remains unknown. Up to now, the evidence for DM is purely
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CHAPTER 1. INTRODUCTION

gravitational. DM could be composed of different fields or particles, many of which are
expect to form ECOs [40–42]. Thus, the signatures generated by ECOs consisting of DM
have the potential to provide further clues.

One of the simplest examples is boson stars, arising from the self-gravitating solutions
to minimally-coupled massive scalar field (see for a review). They can naturally form
through gravitational collapse and may cluster around an ultracompact configuration
via the process of ”gravitational cooling” [43–46]. With the introduction of spin [47] or
nonlinear interactions [35, 48, 49], boson stars can have light rings and ergoregions to
mimic BHs. Due to their simplicity and fundamental nature, boson stars have attracted
significant interest on addressing the DM puzzle [50].

As ECOs orbit around compact stellar objects, such as neutron stars or white dwarfs,
their gravitational interactions can generate gravitational-wave signals. The system of
ECOs and compact stars may exhibit unique dynamics. ECOs forming via gravitational
collapse of DM can cluster around compact stars. Also, compact stars evolving in DM-
rich environments may accrete a significant amount of DM in their interior [45]. These
processes will leave their imprints on GW [51–53].

On another hand, BHs or ECOs can act as particle accelerators [54]. When a freely
falling particle collides with a particle rest at the surface, their center-of-mass energy
reads (see Appendix B for justification)

ECM = m0

√
2
√

1− gµνv
µ
(1)v

ν
(2) ∼

m0

√
2E

ϵ
1
4

, (1.4)

where ϵ = r0/(2M) − 1 and r0 is the radius of the ECO surface. Therefore, even for
small ϵ, the particles are relativistic. In the context of DM physics, such collisions can
excite new degrees of freedom and yield detectable annihilation signals in gamma rays,
high energy neutrinos or antiparticles [55].

Geodesic synchrotron radiation
Geodesic synchrotron radiation (GSR) is a phenomenon predicted by GR, in which
charged point-like particles moving on a geodesic trajectory in the vicinity of a BH emit
radiation. In the 1970s, it was considered an important observational target for the Weber
gravitational wave telescope [56]. The scalar synchrotron radiation emitted by sources or-
biting a Schwarzschild BH was first studied in [57]. Similar results have also been studied
in electromagnetic and gravitational fields [58], which hold more realistic significance in
astrophysics. It was shown that the GSR concept was not applicable in astrophysics,
mainly due to the fact that it is unlikely to place particles stably near the photon orbits
[59].
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CHAPTER 1. INTRODUCTION

Recently, GSR has attracted attention again. Scalar synchrotron radiation is found
to be strongly dependent on the cosmological constant in Schwarzschild-de Sitter space-
time [60]. Small BHs described by Schwarzschild-anti-de Sitter geometry shows different
features on scalar synchrotron radiation from the Schwarzschild BHs [61]. Thanks to the
Laser Interferometer Space Antenna (LISA) project [62], gravitational waves from ex-
treme mass-ratio binaries, where smaller-mass objects are well approximated as point-like
particles, is expected to be detected in the next decade [63]. The divergence in gravita-
tional radiation emitted by particles orbiting the BH light ring is thus revisited and found
to be curable [64].

ECOs can have the (unstable) light ring to mimic BHs. The study on GSR emitting
by particles orbiting around ECOs is thus an inevitable step to understand the nature
of ECOs. The existence of the second light ring results in the trapped, long-lived per-
turbations, possibly triggering the instability of ECOs [34]. Additionally, stable time-like
orbits are allowed inside the stable light ring, providing a new channel to generate GSR.
It seems unlikely that particles would be placed in geodesic orbits inside objects denser
than neutron stars. But it can be possible in the presence of DM as their interaction with
Standard Model particles is weak.

In this thesis, we study uniform-density stars as a proxy for ECOs. The idea of
uniform-density stars dates back to the time when BH was first proposed [65], as a solution
to the field equation describing a sphere of incompressible fluid with uniform density. It
was later widely included in textbooks on GR (for example, [66–68]) and used in the
study of neutron stars [69–72]. Due to its simplicity, uniform-density stars are also ideal
models to investigate the properties of ECOs. Though there is an argument that the
uniform-density stars do not exist in GR [73], the study of uniform-density stars should
be sufficient to capture the main properties of ECOs.

Thesis outline
The rest of this thesis is structured as follows: In Chapter 2, we study null and time-like
geodesics around uniform-density stars. In Chapter 3, we investigate geodesic synchrotron
radiation produced by time-like particles orbiting near light rings, where we pay more
attention to the stable light ring. This thesis is summarised in Chapter 4.
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Chapter 2

Uniform-density stars

Uniform-density star is an ideal theoretical model to study the properties of ultra-compact
astrophysical objects due to its simplicity. It assumes that the star has a uniform density
throughout its interior. A uniform-density star with massM can be described by a static,
spherically symmetric spacetime with coordinates {t, r, θ, ϕ} as

ds2 = −f(r)dt2 + 1

g(r)
dr2 + r2

(
dθ2 + sin2 θdϕ2

)
. (2.1)

Outside the star, the spacetime is described by the Schwarzschild geometry, namely f(r) =
g(r) = 1− (2M/r). Inside the star, the metric coefficients are given by [65–68]

f(r) =
1

4R3

(√
R3 − 2Mr2 − 3R

√
R− 2M

)2
, (2.2)

g(r) = 1− 2Mr2

R3
, (2.3)

where R is the radius of the star. The pressure profile is given by

P (r) = ρ

(
1− 2Mr2

R3

) 1
2 −

(
1− 2M

R

) 1
2

3
(
1− 2M

R

) 1
2 −

(
1− 2Mr2

R3

) 1
2

, (2.4)

where ρ = 3M/(4πR3) is the density of the star. Its central pressure is

Pc = ρ
1−

(
1− 2M

R

) 1
2

3
(
1− 2M

R

) 1
2 − 1

. (2.5)

A finite central pressure requires

3

(
1− 2M

R

) 1
2

− 1 > 0, (2.6)

thus
M

R
<

4

9
. (2.7)

This bound is also known as the Buchdahl bound, the maximum compactness that a
stable, spherically symmetric object can have without collapsing to a BH [74].
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CHAPTER 2. UNIFORM-DENSITY STARS

2.1 Null geodesics
For geodesic motion, the Lagrangian is given by

2L = −f(r)ṫ2 + ṙ2

g(r)
+ r2

(
θ̇2 + ϕ̇2 sin2 θ

)
= −δ, (2.8)

where δ = 0 for null geodesics and δ = 1 for time-like geodesics. Consider the geodesics
in the equatorial plane θ = π/2 and θ̇ = 0, the radial equation is

f(r)

g(r)
ṙ2 = E2 − L2f(r)

(
1

r2
+

δ

L2

)
. (2.9)

The constants of motion are defined by

E = −∂L
∂ṫ

= f(r)ṫ, (2.10)

L =
∂L
∂ϕ̇

= r2ϕ̇, (2.11)

where E and L are energy and angular momentum of the photon or specific energy and
angular momentum of the time-like particle, respectively.

For the equatorial null geodesics, Eq.(2.9) becomes

f(r)

g(r)
ṙ2 = L2

[
1

b2
− Vnull(r)

]
, (2.12)

where Vnull(r) = f(r)/r2 is the null geodesic potential, and b = L/E is the impact
parameter. A circular geodesics not only indicates that ṙ = 0, but also that equilibrium is
reached in the r direction, thus V ′

null(r) = 0. The radii of possible circular null geodesics
are obtained by solving

V ′
null(r) =

rf ′(r)− 2f(r)

r3
= 0. (2.13)

Outside the star, the solution to Eq.(2.13) is r = r+ ≡ 3M , known as the unstable light
ring for a Schwarzschild BH due to V ′′

null(r+) < 0. Inside the star, the solution to Eq.(2.13)
is

r = r− ≡

√
R3(4R− 9M)

9M(R− 2M)
, (2.14)

which tends to zero in the Buchdahl limit R → 9M/4. Since

V ′′
null(r−) =

M

R3

[
81(R− 2M)2

R2
− 1

]
> 0, (2.15)

the circular null geodesics at r = r− correspond to a second, but stable, light ring. To
better mimic Schwarzschild BHs, we demandM/R > 1/3, otherwise there is no light ring,
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CHAPTER 2. UNIFORM-DENSITY STARS

which is an important observational signature for quantifying BHs. Moreover,M/R > 1/3

leads to r− < R so that the stable light ring exists inside the star. Therefore, only those
uniform-density stars with compactness

1

3
<
M

R
<

4

9
(2.16)

will be considered hereafter. Figure 2.1 shows the potential Vnull(r) of uniform-density
stars with various compactness values. In the critical case R = 3M , r+ = r− = 3M , the
stable and unstable light rings overlap and become an unstable light ring.

0 1 2 3 4 5
r/M

0.00

0.02

0.04

0.06

0.08

V
n
u

ll
(r

)M
2

R/M = 2.3

R/M = 2.5

R/M = 2.7

R/M = 3.0

Figure 2.1: Curves of the potential Vnull(r) with various compactness values. The colored
solid lines show null geodesic potential curves in the interior of uniform-density stars,
while the black solid line shows the exterior. The vertical colored dashed lines correspond
the positions of star surfaces. For R < 3M , there is a local minimum of the potential
at r−, corresponding to the stable light ring inside the star, and a local maximum at r+,
corresponding to the outside unstable light ring. In the critical case R = 3M , two light
rings overlap and become an unstable light ring.

2.1.1 Unbound photon orbits
Outside the star, the local maximum of null geodesic potential is Vnull(r+) = 1/(27M2).
For photons from infinity with b > 1/

√
Vnull(r+) = 3

√
3M ≡ b+, according to Eq.(2.12),

ṙ2 decreases to zero before the photons reach r+. Therefore, photons from infinity with
b > b+ cannot enter the outside unstable light ring due to the potential barrier. These
photons will be deflected and travel toward infinity. For the critical case b = b+, the
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CHAPTER 2. UNIFORM-DENSITY STARS

photon will approach the unstable light ring and stay on it for infinite time. This is
exactly the same as how it travels when approaching a Schwarzschild BH.

Photons with b < b+ are able to pierce the star, if nothing inside the star interacts
with photons. This allows the observers at infinity to capture photons from the surface or
interior of the star, which is impossible for a Schwarzschild BH. Figure 2.2 shows examples
of trajectories of photons from infinity with b < b+.

−6 −4 −2 0 2 4 6
x/M

−6

−4

−2

0

2

4

6

y
/M

R/M = 2.3

b =5.15M

b =4.5M

b =4.0M

Star surface

Stable light ring

Unstable light ring

−6 −4 −2 0 2 4 6
x/M

−6

−4

−2

0

2

4

6

y
/M

R/M = 2.7

b =5.15M

b =4.5M

b =4.0M

Star surface

Stable light ring

Unstable light ring

Figure 2.2: Trajectories of photons from infinity with impact parameter b < b+ ≈ 5.20M

in the spacetime of a uniform-density star. Radii of stars are 2.3M (left) and 2.9M (right).
The grey area shows the inner region of the star. Under the assumption that photons do
not interact with the stellar matter, these photons can pierce the star. For a fixed impact
parameter, the scattering angle is larger for more compact stars.

2.1.2 Bound photon orbits
Differing from the Schwarzschild BH, the local minimum of null geodesic potential allows
to trap photons inside the unstable light ring, even inside the star, corresponding to bound
photon orbits. The lower limit of impact parameter of a trapped photon is b+ = 3

√
3M .

The critical case b = b+ now corresponds to a photon staying on the unstable light ring for
an infinite time before falling to the central region of the star. As the impact parameter
increases, photon orbits shrink. Apocenters of photon orbits become farther from the
unstable light ring and closer to the star surface before photons are completely trapped
inside the star. So there is a critical value of impact parameter bR making apocenters just
located on the star surface, which satisfies with ṙ2|r=R = 0, thus

bR =
R2√

R(R− 2M)
. (2.17)
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CHAPTER 2. UNIFORM-DENSITY STARS

If the impact parameter continues increasing, the orbit gets closer to the stable circular
orbit, namely the stable light ring. The maximum impact parameter is thus obtained by
ṙ2|r=r−

= 0 as

b− =
R2√

(4R− 9M)M
. (2.18)

The orbit with b > b− is not allowed inside the star since ṙ2 becomes negative. In Figures
2.3 and 2.4 we find photon trajectories with b+ < b < bR clearly show the zoom-whirl
behaviour described in [75], while photon trajectories with bR < b < b− seem to be closed.
Following [75], a bound photon orbit can be described by a unique number q as

q =
∆ϕ

2π
− 1, (2.19)

where ∆ϕ is the accumulated azimuth between successive pericenter during a whole radial
period and is given by

∆ϕ = 2

∫ rapo

rperi

dϕ

dr
dr, (2.20)

where rapo,peri are two turning points of the bound orbit, obtained by setting ṙ2 = 0.
When q is a rational number, the photon travels in a periodic orbit and return to its
initial position exactly after a finite timespan. Otherwise, the orbit will precess when q
is irrational.

Figure 2.5 displays q as a function of impact parameter b for various values of the
star’s compactness. Within the range of (b+, bR), q decreases from infinity to zero. For the
impact parameter b > bR, numerical calculation returns negligible results of q, indicating
that q = 0 and all the orbits are closed. More details are revisited in Appendix C.

2.2 Time-like geodesics
As we have studied null geodesics in the uniform-density star geometry, here we shall
study the circular time-like geodesics in such a geometry, which will be useful in our
following study.

For the equatorial time-like geodesics, Eq.(2.9) becomes

f(r)

g(r)
ṙ2 = E2 − L2Vtl(r), (2.21)

where

Vtl(r) = f(r)

(
1

L2
+

1

r2

)
. (2.22)
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Figure 2.3: Trajectories of photons trapped in the unstable light ring, with b+ < b < bR.
The radius of the star is fixed as R = 2.3M . Solid black circle corresponds to the star
surface, while solid and dashed red circles respectively correspond to stable and unstable
light rings. The grey area shows the inner region of the star. In the left column, only
one radial period for each orbit is displayed. In the right column, five radial periods are
displayed, where orbital precession and zoom-whirl behaviour are obvious.
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Figure 2.4: Trajectories of photons trapped in the uniform-density star, with bR < b < b−.
The radius of the star is fixed as R = 2.3M . Solid black circle corresponds to the star
surface, while solid and dashed red circles respectively correspond to stable and unstable
light rings. The grey area shows the inner region of the star. All the orbits inside the star
are found to be closed (q = 0).
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Figure 2.5: q as a function of impact parameter b, for various values of the star’s com-
pactness. Red dashed line corresponds to b+, while black dashed lines correspond to bR.
q decreases from infinity to zero in (b+, bR), and q = 0 in b > bR, indicating all the orbits
bounded inside the star are closed.

For circular motions at r = rp, we have ṙ = 0. Demanding V ′
tl(rp) = 0, we obtain

L2 =
r3pf

′(rp)

2f(rp)− rpf ′(rp)
. (2.23)

Inserting Eq.(2.23) into Eq.(2.21) and setting ṙ = 0, we have

E2 =
2f 2(rp)

2f(rp)− rf ′(rp)
, (2.24)

which leads to

(
utp
)2

=

[
E

f(rp)

]2
=

2

2f(rp)− rf ′(rp)
, (2.25)

Ω2
p =

(
dϕ

dt

)2

=
f ′(rp)

2rp
, (2.26)

where utp is the t-component of four-velocity and Ωp is the orbital frequency. A positive
L2 requires that

rp > 3M = r+, for r > R; (2.27)

rp <

√
R3(4R− 9M)

9M(R− 2M)
= r−, for r < R. (2.28)
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Therefore, circular time-like geodesics are only allowed either outside the unstable light
ring at r+ or inside the stable light ring at r−. Outside the star, we find

V ′′
tl (rp) =

2M2(rp − 6M)

r5p
, (2.29)

implying that for rp > 6M the circular orbits are stable and at rp = 6M the circular orbit
is marginally stable. Inside the star, we find

V ′′
tl (rp) =

6f(rp)

r4p
− 4f ′(rp)

r3p
+

2f(rp)f
′′(rp)

r3pf
′(rp)

. (2.30)

Its full expression is rather complex. Numerical result shows that V ′′
tl (rp) > 0 within

R/M ∈ (9/4, 3) and rp ∈ (0, r−). Therefore all circular time-like orbits are stable inside
the stable light ring.

Figure 2.6 shows the angular momentum L, energy E of circular time-like geodesics
and their ratio L/E as a function of orbital radius rp, for different compactness of stars.
Both L and E diverge at rp → r− and their ratio tends to the light-ring impact parameter
b−.

In the Section 2.1.2, it has been shown that null geodesics trapped inside the star are
closed. Here we check whether this also applies to time-like geodesics. Consider those
time-like geodesics inside the stars, for any given L, there is a particular range for allowed
energy. The minimum energy Emin is determined by the circular orbit with the given
L, solved from the combination of Eqs.(2.23) and (2.24). The maximum allowed energy
Emax corresponds to the orbit tangent to the star surface, i.e. E2

max = L2Vtl(R). In Figure
2.7, we plot the allowed energy range against L, with various compactness of stars. The
energy range becomes narrow for less compact stars. Figure 2.8 displays how the value of
q changes against L and E. The energy is normalized by introducing

η =
E − Emin

Emax − Emin

. (2.31)

Note that all values of q are non-zero, indicating that all the time-like orbits are pre-
cessional. The only closed time-like orbits are circular ones, otherwise q changes slowly
against energy for a given L. Also, we note that q-values are tiny at large energy limits
since time-like particles exhibit behaviours similar to photons.

Due to the lack of horizon and the assumption that the stellar matter does not interact
with the particles, time-like particles are allowed to stably travel between the stable and
unstable light rings, as shown in Figure 2.9, which differs from the scenario of photons:
photons either leave the unstable light ring outwards to infinity, or get trapped inside
it. Furthermore, for a less compact star, it is allowed that particles orbit from near the
outside light ring to the inside light ring, thus emit radiation on both circular-like orbits
near the outside light ring and the inside light ring.
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Figure 2.6: Angular momentum (upper), energy (middle) and their ratio (lower) of circular
time-like geodesic motions against its radius, for various values of compactness. The
dashed lines correspond to those radii of stable light rings, where both L and E diverge
and their ratio approaches the light-ring quantity.
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Figure 2.7: The allowed range of energy against angular momentum, with various com-
pactness of stars. The dashed lines correspond to the circular orbits. The allowed range
of energy is more narrow for less compact stars, due to the fact that the inside light
ring is closer to star surface. The ratio L/E is always smaller than the light-ring impact
parameter b−.
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Figure 2.8: The values of q against energy and angular momentum, with R = 2.3M fixed.
q varies slowly with energy but rapidly with angular momentum. All values of q are
non-zero, implying that the only closed time-like orbits are circular ones. Values of q on
the L-axis correspond to circular orbits and thus are supposed to be zero, this feature
does not show up in this figure due to the limitation of numerical calculations, while the
tendency is clear.
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Figure 2.9: Trajectories of time-like particles stably travelling between two light rings.
Two orbits share the same energy and angular momentum, while the compactness of
star differs. Since the outside spacetimes are the same, the apocenters are identical at
rapo ≈ 3.01M , close to the outside light ring. For the star with R = 2.3M , the zoom-
whirl behavior is obvious, and its pericenter (rperi ≈ 0.23M ≈ 0.24r−) is far from its
inside light ring. For the star with R = 2.9M , the orbit is circular-like, and its pericenter
(rperi ≈ 2.63M ≈ 0.94r−) is very close to the inside light ring.
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Chapter 3

Geodesic synchrotron radiation

Predicted by GR, charged particles orbiting a perturbed Schwarzschild BH near its light
ring can emit GSR, regarded an important observational target for early-type gravitational
wave telescope. It was shown to be less practical in astrophysics due to the fact that
particles are unlikely to stably stay near the unstable light ring. But it can be interesting
in the presence of a second, stable light ring inside ECOs since stable particle orbits are
allowed near such a light ring.

In this chapter, we study GSR emitted by particles moving in orbits near the stable
and unstable light rings of uniform-density stars for scalar, vector (electromagnetic) and
tensor (gravitational) cases. For simplicity, we start from scalar radiation by following
[76].

3.1 Setup for scalar radiation
Consider a massless scalar field Φ around a compact object of mass M . A point-like
particle of mass mp can interact with the scalar field and orbit around the central object.
The full dynamics is described by the action

S =

∫
d4x

√
−g
(

R
16π

− gµν∂µΦ∂νΦ
∗ − 2qΦΦT

)
, (3.1)

where gµν is the background metric and g ≡ det(gµν), R is the Ricci scalar, qΦ > 0 is a
coupling constant, and T is the trace of the stress tensor of the particle. The point-like
particle is considered to be a small perturbation, thus the background spacetime is fixed
and taken to be described by a static, spherically symmetric geometry with coordinates
{t, r, θ, ϕ}:

ds2 = gµνdx
µdxν = −f(r)dt2 + 1

g(r)
dr2 + r2(dθ2 + sin2 θdϕ2). (3.2)
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The variation of the action (3.1) yields the scalar field equation of motion coupled to
the point-like particle

1√
−g

∂µ
(√

−ggµν∂νΦ
)
= qΦT. (3.3)

We expand the field and the trace in Fourier modes of frequency ω and in spherical
harmonics Ylm as

Φ =
∑
l,m

∫
dω√
2π
e−iωtZlm(ω, r)

r
Ylm(θ, ϕ), (3.4)

√
−g

sin θ
T =

∑
l,m

∫
dω√
2π
e−iωtTlmYlm(θ, ϕ), (3.5)

where l ⩾ 0 and −l ⩽ m ⩽ l. By combining Eqs.(3.3), (3.4) and (3.5), we obtain
d2Zlm

dr2⋆
+ (ω2 − V )Zlm = SΦ, (3.6)

where

V = l(l + 1)
f(r)

r2
+

√
f(r)g(r)

r

[√
f(r)g(r)

]′
, (3.7)

SΦ = qΦ

√
f(r)g(r)

r
Tlm, (3.8)

and r⋆ denotes the tortoise coordinates, satisfied with dr/dr⋆ =
√
f(r)g(r). Here the

prime is the derivative with respect to r.

3.2 Source term
In a curved spacetime, the stress tensor describing a free point-like particle is

T µν =

∫
mp√
−g

δ(4)(x− z(τ))
dzµ

dτ

dzν

dτ
dτ (3.9)

=
mp√
−g

dtp
dτ

dzµ

dt

dzν

dt
δ(r − rp)δ(θ − ϑ)δ(ϕ− φ), (3.10)

where the Dirac δ function in four-dimension is defined as
∫ √

−gδ(4)(x)d4x = 1 and τ is
proper time along the world line zµ = (tp(τ), rp(τ), ϑ(τ), φ(τ)). The trace of this stress
tensor is

T = gµνT
µν = − mp√

−gutp
δ(r −R)δ(θ − ϑ)δ(ϕ− φ). (3.11)

For the equatorial circular motions, we have ϑ = π/2 and φ = Ωpt, where Ωp is the
orbital frequency. By combining Eqs.(3.11) and (3.5), we have

− mp

utp sin θ
δ(r − rp)δ

(
θ − π

2

)
δ(ϕ− Ωpt) =

∑
l,m

∫
dω′
√
2π
e−iω′tTlmYlm(θ, ϕ). (3.12)
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Multiplying both sides by Y ∗
l′m′ and integrating over sphere, we obtain

−mp

utp
Y ∗
lm

(π
2
, 0
)
e−imΩptδ(r − rp) =

∫
dω′
√
2π
e−iω′tTlm, (3.13)

where we use the normalization
∫
YlmY

∗
l′m′dΩ = δll′δmm′ . And multiplying both sides by

eiωt and integrating in time we get

−
∫

dt
mp

utp
Y ∗
lm

(π
2
, 0
)
e−i(mΩp−ω)tδ(r − rp) =

∫
dt

dω′
√
2π
e−i(ω′−ω)tTlm, (3.14)

−mp

utp
Y ∗
lm

(π
2
, 0
)
δ(mΩp − ω)δ(r − rp) =

∫
dω′
√
2π
δ(ω′ − ω)Tlm, (3.15)

=
1√
2π
Tlm, (3.16)

where we use δ(x− x0) =
1
2π

∫
eit(x−x0)dt and

∫
f(x)δ(x− x0)dx = f(x0). Finally, we find

Tlm = −
√
2π
mp

utp
Y ∗
lm

(π
2
, 0
)
δ(mΩp − ω)δ(r − rp). (3.17)

3.3 Energy flux
With the source term, we are now able to solve the differential equation (3.6). We tem-
porarily omit the indexes lm, and consider Zin and Zout are two linearly independent
solutions to the homogeneous equation

d2Z

dr2⋆
+ (ω2 − V )Z = 0. (3.18)

We impose that Zin is a solution regular at an inner boundary at r = rin and Zout is a
solution regular at an outer boundary at r = rout. Since we are interested in the radiation
that escapes to infinity, we need to study the behaviour of the solution to Eq.(3.18) far
from the central object. At infinity, the homogeneous equation reduces to

d2Z

dr2⋆
+ ω2Z = 0, (3.19)

which has the general solution c1e
iωr⋆ + c2e

−iωr⋆ . Thus, we can impose the boundary
condition at infinity:

Zin(r⋆ → +∞) = Aine
−iωr⋆ + Aoute

iωr⋆ , (3.20)
Zout(r⋆ → +∞) = eiωr⋆ . (3.21)

And the Wronskian can be found at infinity as

W (Zin, Zout) = Zin
dZout

dr⋆
− Zout

dZin

dr⋆
= 2iωAin. (3.22)
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For the source term presented in rin⋆ < r⋆ < rout⋆ , we have the formal solution to
Eq.(3.6) as

Z(r⋆) = Zout

∫ r⋆

rin⋆

SΦZin

W (Zin, Zout)
dr′⋆ + Zin

∫ rout⋆

r⋆

SΦZout

W (Zin, Zout)
dr′⋆, (3.23)

where the Wronskian W (Zin, Zout) is a constant due to the form of Eq.(3.6).
As the second term in the right hand side of Eq.(3.23) vanishes at infinity, we have

the behavior of solution (3.23) far from the object as

Z(r⋆ → +∞) = Zout

∫ r⋆

rin⋆

SΦZin

W (Zin, Zout)
dr′⋆ (3.24)

= − eiωr⋆

2iωAin

√
2πqΦmpY

∗
lm

(π
2
, 0
) Zin(rp)

rpur(rp)
δ(mΩp − ω) (3.25)

= eiωr⋆Z∞
lmδ(mΩp − ω), (3.26)

where we define

Z∞
lm = − 1

2iωAin

√
2πqΦmpY

∗
lm

(π
2
, 0
) Zin(rp)

rputp
. (3.27)

The energy flux emitted by the scalar field at infinity is

Ė =
dE

dt
= lim

r→∞

∫
dθdϕ

√
−gT (Φ)

rt , (3.28)

where T (Φ)
rt is the relevant component of the stress tensor of the scalar field

T (Φ)
µν = ∂µΦ∂νΦ

∗ − 1

2
gµν∂aΦ∂

aΦ∗. (3.29)

Inserting the spherical harmonics expansion (3.4) and the asymptotic behaviour at large
distance

Zlm ∼ eiωrZ∞
lmδ(mΩp − ω), (3.30)

we find

d2E

dtdΩ
=

1

2π

∑
l,m

∑
l′,m′

∫
dωdω′YlmY

∗
l′m′ei(ω−ω′)(r−t)Z∞

lmZ
∞
l′m′δ(mΩp − ω)δ(m′Ω′

p − ω′). (3.31)

Taking the normalization condition
∫
dΩYlmY

∗
l′m′ = δll′δmm′ , the above expression reduces

to

Ėlm =
1

2π
(mΩp)

2 |Z∞
lm|

2 , (3.32)

and the total flux Ė is given by the sum of Ėlm over l and m.
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3.4 Schwarzschild black hole case
In the case of Schwarzschild BH, we have f(r) = g(r) = 1− 2M

r
, and thus

VSch =

(
1− 2M

r

)[
l(l + 1)

r2
+

2M

r3

]
, (3.33)

r⋆ =

∫ (
dr⋆
dr

)
dr = r + 2M ln

( r
M

− 2
)
. (3.34)

At the horizon r → rH ≡ 2M , we have VSch → 0 and r⋆ → −∞, which means the
homogeneous equation (3.18) also reduces to Eq.(3.19). Thus we can impose the boundary
condition at the horizon:

Zin(r⋆ → −∞) = eiωr⋆ , (3.35)
Zout(r⋆ → −∞) = Bine

−iωr⋆ +Boute
iωr⋆ . (3.36)

With this boundary condition, we are able to numerically solve Zin(rp) and Ain, allowing
us to compute the energy flux at infinity.

Moreover, in the low frequency limit ωrH ≪ 1, [77] find

Ė ≈
m2

pq
2
Φ

4π

ω2l+2r2lp
Γ(2l + 2)

=
m2

pq
2
Φ

4π

l2l+2M l+1

rl+3
p Γ(2l + 2)

, (3.37)

which requires

l ≪ 1

2

( rp
M

) 3
2
. (3.38)

Figure 3.1 displays the numerical results of the energy flux given by Eq.(3.32) together
with the low-frequency limit for particles orbiting around a Schwarzschild BH at rp = 10M

and 25M , where we define Ė = Ėlm/(m
2
pq

2
Φ). We find the energy radiation is dominated

by low frequency modes when a particle is far from the unstable light ring. The agreement
between the numerical results and the low-frequency limit is better for less energetic orbits
which are farther from the BH.

For particles located in those most inwardly reachable orbits, [57] find the radiation is
dominated by higher-frequency modes, rather than low-frequency modes, and over 99.9%
of the power is radiated in l = m modes. An approximate expression for energy flux reads
[57]

Ėm =
m2

pq
2
Φ

27π
5
2M2

m

mcrit

e−
πϵ
4 Γ2

(
1 + iϵ

4

)
, (3.39)

where

ϵ = 1 +
4

π

m

mcrit

, (3.40)

mcrit =
4

πδ
. (3.41)
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Figure 3.1: Scalar energy fluxes at infinity as a function of l in logarithmic scale, for
the Schwarzschild BH case with particles orbiting at rp = 10M (in blue) and 25M (in
orange). The solid lines correspond to numerical results and the dashed lines correspond
to approximation results. It is intuitive in this figure that the approximation expression
approximates the numerical results better at larger particle orbiting radii.

Figure 3.2 shows the numerical results of (3.32) together with the high-frequency limit
given by Eq.(3.39), where their agreement is better for less energetic orbits which are
farther from the BH. It turns out the radiation reaches its peak at m ≈ mcrit ≫ 1, and
the total power is found numerically as Ė ∝ m2

pq
2
Φ/(M

2δ), diverging at the unstable light
ring.

3.5 Uniform-density star case
In the case of uniform-density star, f(r) and g(r) are piecewise functions: for r < R,
f(r) = g(r) = 1− (2M/r) and for r > R, f(r) and g(r) are given by Eqs.(2.2) and (2.3)
respectively. The expression of r⋆ is thus more complicated:

r⋆ =


r + 2M ln

( r
M

− 2
)
+ rR, r > R,

R2y1y3(3Ry1 − y3)
[
arctan

(
r
√
M

Ry2

)
+ arctan

(
3ry1

√
M

y2y3

)]
y1y2y3

√
−2M [3Ry1y3 +M(r2 + 9R2)− 5R3]

, r < R,

(3.42)

where

y1 =
√
R− 2M, (3.43)

y2 =
√
4R− 9M, (3.44)

y3 =
√
R3 − 2Mr2, (3.45)
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Figure 3.2: Scalar energy radiation as a function of l, for the Schwarzschild BH case,
with particles orbiting at rp ≳ r+. The solid lines correspond to numerical results and
the dashed lines correspond to approximation results. When particles’ orbits are close
enough to the unstable light ring, the radiation is dominated by higher-frequency modes,
leading to the divergence of total energy flux.

and rR is a properly chosen integral constant to ensure r⋆(r) is continuous at star surface
r = R.

Near the center of the star, the homogeneous equation (3.18) reduces to

d2Z

dr2
− l(l + 1)

r2
Z = 0, (3.46)

which has the general solution c3rl+1 + c4/r
l. Hence we impose the boundary condition

at the center:

Zin(r → 0) = rl+1, (3.47)

Zout(r → 0) = Crl+1 +
D

rl
. (3.48)

Also, we impose the continuous condition that Zin, Zout, and their derivatives, dZin/dr,
dZout/dr, are continuous at the star surface.

The energy flux at infinity can be obtained numerically. In Figure 3.3, we display scalar
energy flux emitted by particles orbiting around a uniform-density star near its unstable
light ring, with R = 2.3M and R = 2.9M . For the more compact star (R = 2.3M),
we see peaks and valleys due to trapped modes described in [34, 70, 78] (and [79] for a
review). Apart from the excitations, the flux is almost the same as that in the case of
a Schwarzschild BH, and higher frequency modes contributes more as particles get close
to the unstable light ring. For the less compact star (R = 2.9M), we find no excited
mode since trapped modes only appear in higher-l modes, and the flux is close to that in
Schwarzschild BH case.
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Figure 3.3: Scalar energy flux emitted by particles orbiting a uniform-density star near
its unstable light ring at r+ = 3M , with R = 2.3M (left) and R = 2.9M (right), shown in
solid lines. Dashed lines show the energy flux emitted by particles orbiting a Schwarzschild
BH. In the left panel, we see peaks and valleys due to the trapped modes due to the
potential barrier inside the star. Apart from the excitations, the radiation is almost the
same as that in Schwarzschild BH case: as particles get close to the unstable light ring,
the higher frequency modes contribute more.

Table 3.1: Trapped modes of scalar radiation in R = 2.3M uniform-density star case,
given by the WKB approximation following [34], together with corresponding particle’s
orbital radii. These radii are located close to the positions of excitation shown in Figure
3.3. For l = 1, the trapped-mode radius does not well agree with the excitation radius
due to the WKB approximation breaks down for smaller l. A more robust method for
trapped modes is described in [80].

n = 0 n = 1 n = 2

l = 1
ΩpM = 0.1758

rp/M = 3.18

l = 2
ΩpM = 0.2592 ΩpM = 0.3396

rp/M = 3.90 rp/M = 3.26

l = 3
ΩpM = 0.4250 ΩpM = 0.5076

rp/M = 3.68 rp/M = 3.27
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In Figure 3.4, we present scalar energy flux emitted by particles orbiting a uniform-
density star near its stable light ring. We observe that the radiation is suppressed near
the light ring in both R = 2.3M and R = 2.9M cases. In the R = 2.3M case, we find
l = |m| = 1 mode contributes most energy flux. This differs from the flux emitted from
the unstable light ring. Also, there is no resonant configuration as the frequencies are
away from those resonant ones shown in Table 3.1.

0.2 0.4 0.6 0.8
rp/M

−18

−16

−14

−12

−10

lo
g
Ė
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Figure 3.4: Scalar energy flux emitted by particles orbiting a uniform-density star near
its stable light ring, with R = 2.3M (left) and R = 2.9M (right). In the R = 2.3M case,
l = 1 mode contributes the flux dominantly and the flux is also depressed near the stable
light ring. In the R = 2.9M case, we find higher frequency modes contribute more.

To understand what causes the radiation suppression near the stable light ring, we
look into the analytical expression of energy flux emitted by particles orbiting near r−.
For l ≫ 1 modes, the potential V (r) reduces to

V (r) ≃ l(l + 1)
f(r)

r2
= l(l + 1)Vnull(r). (3.49)

We have found that Vnull(r) reaches its local minimum at the stable light ring, and thus
2f(r−)−r−f ′(r−) = 0. The local minimum of V (r) is given by l(l+1)f(r−)

r2
= l(l+1)f

′(r−)
2r−

=

l(l + 1)Ω2
p(r−). As Ωp(r) < Ωp(r−), we have that V (r) > ω2 always holds valid inside

the star. Only one turning point r0⋆ exists outside the star, satisfying that V (r0⋆) = ω2, as
shown in Figure 3.5.

The standard WKB approximation method gives us the general solution to Eq.(3.18):

ψ(r⋆) =


1√

|p(r⋆)|

[
De

∫ r0⋆
r⋆

|p(r′⋆)|dr′⋆ + Fe−
∫ r0⋆
r⋆

|p(r′⋆)|dr′⋆

]
, r⋆ < r0⋆,

1√
p(r⋆)

[
Be

i
∫ r⋆
r0⋆

p(r′⋆)dr
′
⋆ + Ce

−i
∫ r⋆
r0⋆

p(r′⋆)dr
′
⋆

]
, r⋆ > r0⋆,

(3.50)

where

p(r⋆) ≡
√
ω2 − V (r⋆). (3.51)

26



CHAPTER 3. GEODESIC SYNCHROTRON RADIATION

0 10 20 30 40 50 60
r?

0

1

2

3

4

5

V

V (r?)

ω2

r0
?r−?

R = 2.3M,m = 10

WKB region

Parabolic region

Figure 3.5: V (r) (red solid curve) and Ω2 (blue solid line) in the differential equation
(3.18), for the case of R = 2.3M and l = m = 10. The black dotted line corresponds the
star surface, and the black dashed lines correspond to the inner light ring at r−⋆ and the
turning point r0⋆. The WKB region and parabolic region are respectively shown in green
and orange shaded regions. In the overlap region, both approximations hold valid. The
red dashed curve shows the parabolic potential.

The relation of coefficients can be obtained by using a linear patching function to connect
two sides, which is

D = Be−iπ
4 + Cei

π
4 , (3.52)

F =
1

2
Bei

π
4 +

1

2
Ce−iπ

4 . (3.53)

As we are interested in the solution Zin(rp ≈ r−), where WKB approximation breaks
down, we apply the parabolic approximation near the stable light ring at r−⋆ . We assume
that V (r⋆) can be approximately expressed as a parabolic function near r−⋆ , and in the
region where parabolic approximation holds, we have

V (r⋆) ≃ ω2 +
1

2

d2V

dr2⋆

∣∣∣∣
r⋆=r−⋆

(r⋆ − r−⋆ )
2 +∆. (3.54)

By defining

β4 =
1

2

d2V

dr2⋆

∣∣∣∣
r⋆=r−⋆

, (3.55)

x = β(r⋆ − r−⋆ ), (3.56)
∆ = V (r−⋆ )− ω2, (3.57)

ϵ =
∆

β2
, (3.58)

Eq.(3.18) becomes
d2Z

dx2
− (x2 − ϵ)Z = 0. (3.59)
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Its general solution is given by

Z(x) = A ·D− 1
2
− ϵ

2
(
√
2x) + B ·D− 1

2
− ϵ

2
(−

√
2x), (3.60)

where D− 1
2
− ϵ

2
(±

√
2x) are parabolic cylinder functions. D− 1

2
− ϵ

2
(±

√
2x) are linear indepen-

dent only if −1
2
− ϵ

2
is non-integer. However, only very particular R and rp makes −1

2
− ϵ

2

an integer. At least in most cases, it is safe to assume −1
2
− ϵ

2
is non-integer. To connect

the solution to the WKB solution, we assume that there exists a overlap region where
both the WKB approximation and the parabolic approximation hold simultaneously, and
such a region is located far from r−⋆ , i.e. x ≫ 0. The general solution (3.60) has the
asymptotic behavior at x≫ 0 as

Z(x≫ 0) ≃
(
A− iBe−iπ

2
ϵ
)
2−

1
4
− ϵ

4 e−
x2

2 x−
1
2
− ϵ

2 + B
√
π2

1
4
+ ϵ

4

Γ
(
1+ϵ
2

) ex2

2 x−
1
2
+ ϵ

2 . (3.61)

Now we are able to explicitly obtain the WKB solution at the overlap region. Since
we have

|p(r⋆)| ≃
√∣∣ω2 −

[
ω2 + β4(r⋆ − r−⋆ )2 +∆

]∣∣ (3.62)

=
√
β4(r⋆ − r−⋆ )2 +∆ (3.63)

≈ β2(r⋆ − r−⋆ ), (3.64)∫ r−⋆

r⋆

|p(r′⋆)| dr′⋆ =

∫ r−⋆

r⋆

√
β4(r⋆ − r−⋆ )2 +∆ dr′⋆ (3.65)

=
∆ ln(β2

√
∆)

2β2
− 1

2
(r⋆ − r−⋆ )

√
β4(r⋆ − r−⋆ )2 +∆ (3.66)

− ∆

2β2
ln

[
β4(r⋆ − r−⋆ ) + β2

√
β4(r⋆ − r−⋆ )2 +∆

]
(3.67)

≈ ∆ ln(β2
√
∆)

2β2
− 1

2
β2(r⋆ − r−⋆ )

2 − ∆

2β2
ln
[
2β4(r⋆ − r−⋆ )

]
, (3.68)

the WKB solution (3.50) in r⋆ < r0⋆ can be written as

Z(r⋆) =
1√

|p(r⋆)|

[
Deκe

∫ r−⋆
r⋆

|p(r′⋆)|dr′⋆ + Fe−κe−
∫ r−⋆
r⋆

|p(r′⋆)|dr′⋆

]
, (3.69)

= Deκ2−
ϵ
2β− 1

2
− ϵ

2 e−
x2

2 x−
1
2
− ϵ

2 + Fe−κ2
ϵ
2β− 1

2
+ ϵ

2 e
x2

2 x−
1
2
+ ϵ

2 , (3.70)

where

κ ≡
∫ r0⋆

r−⋆

|p(r′⋆)| dr′⋆. (3.71)

By comparing (3.61) and (3.70), we obtain(
A− iBe−iπ

2
ϵ
)
= Deτ2

1
4
− ϵ

4β− 1
2
− ϵ

2 , (3.72)

B = Fe−τ2−
1
4
+ ϵ

4β− 1
2
+ ϵ

2
Γ
(
1+ϵ
2

)
√
π

. (3.73)
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Now let us consider the boundary condition for Zin:

Zin(r⋆) =

{
rl+1, r → 0,

Aine
−iωr⋆ + Aoute

iωr⋆ , r⋆ → +∞.
(3.74)

At infinity, we find

Ain =
C√
ω
, (3.75)

Aout =
B√
ω
. (3.76)

However, parabolic approximation breaks down at r → 0 (r⋆ → 0), we cannot connect
Zin = rl+1 to the solution. Numerical solution shows that Zin monotonically increases
inside the star, namely it decreases from surface to center. Therefore, we demand D = 0.
Otherwise the solution increases exponentially from surface to center. It leads to

B = −iC, (3.77)
F = Ce−iπ

4 , (3.78)
A = iBe−iπ

2
ϵ, (3.79)

B = e−iπ
4
√
ωAine

−κ2−
1
4
+ ϵ

4β− 1
2
+ ϵ

2
Γ
(
1+ϵ
2

)
√
π

., (3.80)

and thus near the inner light ring, we have

Zin(x = 0) = (A+ B)D− 1
2
− ϵ

2
(0) (3.81)

=
(
1 + ie−iπ

2
ϵ
)
B ·D− 1

2
− ϵ

2
(0) (3.82)

=
(
1 + ie−iπ

2
ϵ
)
e−iπ

4

√
ωAin√
2

e−κβ− 1
2
+ ϵ

2
Γ
(
1+ϵ
2

)
Γ
(
3
4
+ ϵ

4

) (3.83)

=
(
1 + ie−iπ

2
ϵ
)
e−iπ

4

√
ωAin√
π

e−κβ− 1
2
+ ϵ

22
ϵ
2
−1Γ

(
1

4
+
ϵ

4

)
. (3.84)

The energy radiation for l ≫ 1 mode is

Ėlm =
1

2π
(mΩ)2 · 1

4ω2A2
in

2πq2Φm
2
pY

2
lm

(π
2
, 0
) Z2

in(x = 0)

r2p [u
t(rp)]

2 (3.85)

=
q2Φm

2
p

r2p [u
t(rp)]

2

mω0Y
2
lm

(
π
2
, 0
)

π

(
1 + sin

ϵπ

2

)
e−2κβϵ−12ϵ−3Γ2

(
1 + ϵ

4

)
. (3.86)

The comparison between numerical results of scalar radiation and the analytical ones
obtained from Eq. (3.86) is displayed in Figure 3.6. For any given indices lm, we find
Ėlm → 0 at rp → r− due to the fact that utp diverges. At a fix rp, most radiation is
contributed from l = |m| modes since the barrier factor κ is larger for l > |m| modes. We
can actually see these features near both stable and unstable light ring. However, since κ
increases proportionally with l in l = |m| modes, higher l modes are thus suppressed, the
radiation is dominated by lower l modes. This suppression is less obvious for less compact
stars, due to the potential barrier is lower thus κ increases too slow with l.
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Figure 3.6: Scalar fluxes of particles orbiting inside the stable light ring of uniform-density
stars, for various star compactness and orbiting radii. The analytical expression (3.86)
approximates numerical results better when closer to the light ring and for more compact
stars.
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3.6 Electromagnetic and gravitational radiation
Following a similar strategy as in the scalar case, it is in principle viable to obtain equa-
tions describing electromagnetic or gravitational perturbation produced by an electric
charged or massive point source, by expanding the perturbations into angular harmonics
[81–86]. The details are not part of this thesis, but will be included in a paper to be
published.

The electromagnetic perturbations are described by

d2Za,p

dr2⋆
+ (ω2 − VEM)Za,p = Sa,p, (3.87)

where the index corresponds to axial (a) and polar (p) perturbations and

VEM = l(l + 1)
f(r)

r2
. (3.88)

For circular motions, the source terms are given by

Sa =
4πf(r)Ωp

l(l + 1)

∂Y ∗
lm

(
π
2
, 0
)

∂θ
δ(r − rp), (3.89)

Sp =
i4πmqE

√
f(r)g(r)Ωp

l(l + 1)
Y ∗
lm

(π
2
, 0
) d

dr
[f(r)δ(r − rp)] , (3.90)

where qE is electric charged carried by the particle. And the energy fluxes are computed
from

Ėa,p =
l(l + 1)

2π
|Za,p|2. (3.91)

Numerical results are presented in Figure 3.7 for axial radiation and in Figure 3.8
for polar radiation. Differing from the scalar case, electromagnetic radiation converge
to a certain value near light rings. Axial electromagnetic radiation is dominated by
lower l modes. Negligible excitations are found in axial radiation emitted by particles
orbiting near the unstable light ring. Though the negligibility is possible due to the lack
of resolution, axial excitations are at least much less significant than polar excitations.
At any fixed l, polar radiation is significantly larger than axial radiation, except for those
obvious excitation from particles orbiting near the unstable light ring.

The axial gravitational perturbations are described by

d2Zg

dr2⋆
+ (ω2 − Vg)Zg = Sg, (3.92)

where

Vg = f(r)

[
l(l + 1)

r2
+

3g(r)− 3

r2
+ 4π(ρ− p)

]
. (3.93)
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Figure 3.7: Axial electromagnetic radiation emitted by particles orbiting in the spacetime
of a uniform-density star. The radiation is dominated by l = 2 mode. As particles get
close to the light ring, regardless the stable or unstable one, the flux converges to a certain
value. Excitations by particles near unstable light ring are negligible.
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Figure 3.8: Polar electromagnetic radiation emitted by particles orbiting in the spacetime
of a uniform-density star. Except for those excitations, polar radiation is significantly
larger than axial radiation, and is the same as that in a Schwarzschild BH case (shown in
dashed lines).
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For circular motions, the source terms is given by

Sg =
8
√
2πimpf

3
2 (r)g

1
2 (r)r√

l(l − 1)(l + 1)(l + 2)

[
f ′(r)

f(r)
Dlm(r) +D′

lm(r)

]
, (3.94)

where

Dlm(r) =

√
2upΩ

2
pm

∂Ylm

∂θ√
l(l − 1)(l + 1)(l + 2)

g
1
2 (r)

f
1
2 (r)

δ(r − rp). (3.95)

And the energy flux is computed from

Ėg =
1

16π

(l + 2)!

(l − 2)!
|Zg|2. (3.96)

The polar radiation couples with the matter oscillation and is more complicated to deal,
which is thus beyond the scope of this thesis.

Numerical results are presented in Figure 3.9. The flux is dominated by lower l modes
and diverges at both stable and unstable light ring. The outside excitations are tiny,
similar to that in the case of axial electromagnetic radiation.
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Figure 3.9: Axial gravitational radiation emitted by particles orbiting in the spacetime of
a uniform-density star. The radiation is dominated by l = 2 mode and diverges at both
stable and unstable light ring. Only weak excitations can be found near the outside light
ring, similar to the axial electromagnetic radiation.
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Conclusions

In this thesis, we study both null and time-like geodesics in the spacetime of uniform-
density stars, and geodesic synchrotron radiations emitted by particles orbiting circularly
near stable and unstable light rings. Conclusions are summarised below:

• A sufficiently compact uniform-density star hosts two light rings: an unstable light
ring at r = r+ = 3M and a stable light ring at r = r−. The radius of the stable light
ring is dependent on the compactness of the star. Due to the local valley of null
geodesic potential, photons can be completely trapped inside the star, their orbits
are all found to be closed. Stable circular time-like geodesics are allowed inside the
stable light ring. Due to the lack of horizon and the assumption that the particles
do not interact with the stellar matter, time-like particles can stably travel between
the stable and unstable light rings.

• Scalar synchrotron radiation emitted by particles orbiting around the stable and
unstable light rings is studied in both numerical and analytical approaches. Outside
the star, apart from the excitations due to trapped modes, the scalar radiation is
similar to that in the case of Schwarzschild BH: near the unstable light ring, the
radiation is suppressed and dominated by high-frequency modes. For less compact
stars, excitations only appear in high-frequency. Inside the star, no excitation is
found, the radiation is dominated by low-frequency modes and suppressed neat the
stable light ring. Comparing to the radiation emitted from unstable light ring, the
flux emitted by particles orbiting around the stable light ring is also suppressed.
Such suppression is less significant for less compact stars.

• The analytical result reveals that the suppression is due to the potential barrier
between the stable light ring and turning point, since it contributes an exponential
decreasing term. The suppression is manifested in two ways. On one hand, the
existence of the potential barrier suppresses the flux emitted by particles orbiting
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the stable light ring. On the other hand, as the barrier is proportional to the mode
index l, the higher-frequency modes are also suppressed.

• Electromagnetic radiation and axial gravitational radiation are only computed in a
numerical way, as the analytical expression do not provide a good approximation.
Electromagnetic radiation converges to a certain value at both light rings, while axial
gravitational radiation diverges at both light rings. Outside the star, excitations are
also found, except which the radiations are the same as those in the Schwarzschild
BH case. Radiations from the stable light ring are similarly suppressed.

As the gravitational radiation diverges at the stable light ring, at least for axial ra-
diation, such radiation can be hopefully detected and be evidence for the existence of
stable light rings. Future works shall first investigate polar gravitational radiation, which
is likely to be more significant than axial radiation. Orbital evolution and gravitational
waveform are also of interest. Additional, since uniform-density star is an idealized model,
it is essential to study radiation from other more realistic ECO models such as boson star.
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Appendix A

Photon escaping angle

Consider a static, spherically symmetric spacetime described by

ds2 = −f(r)dt2 + 1

g(r)
dr2 + r2dΩ2, (A.1)

where dΩ2 = dθ2+sin2 θdϕ2. For the Schwarzschild geometry, f(r) = g(r) = 1− (2M/r).
In the equatorial plane θ = π/2 and θ̇ = 0, the motion of a photon can be described

by,

0 = −f(r)ṫ2 + 1

f(r)
ṙ2 + r2ϕ̇2 (A.2)

= − E2

f(r)
+

1

f(r)
ṙ2 +

L2

r2
, (A.3)

where the energy E and angular momentum L are respectively defined by

E = f(r)ṫ, (A.4)
L = r2ϕ̇. (A.5)

Therefore, we have

ṙ2 = E2 − L2

r2
f(r) = L2

[
1

b2
− V (r)

]
, (A.6)

where

b =
L

E
, (A.7)

V (r) =
f(r)

r2
=

1− 2M
r

r2
. (A.8)

V (r) reaches its maximum Vmax = 1/(27M2) at r = 3M as V ′(3M) = 0 and V ′(3M) <

0. For a photon emitting outward at 2M < r < 3M , if its b > 3
√
3M , it will reach

the turning point, determined by ṙ2 = 0, and then fall back into central object; if its
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b < 3
√
3M , ṙ2 will always be positive and the photon can escape to infinity. Therefore,

a photon can only escape from the central object when b = L/E < 3
√
3M . The case of

b = 3
√
3M represents the critical orbit.

For an observer fixed at r, the locally measured tangential velocity of photon is

vϕ =
rdϕ

dt̃
(A.9)

=
rdϕ√
f(r)dt

(A.10)

=
b

r

√
f(r). (A.11)

Therefore, for an escaping photon, the angle ψ between the emitting direction and r-
direction satisfies

sinψ = vϕ =
b

r

√
1− 2M

r
<

3
√
3M

r

√
1− 2M

r
, (A.12)

corresponding to a solid angle of

∆Ω = 2π(1− cosψ) = 2π

[
1−

√
1− 27M2(r − 2M)

r3

]
. (A.13)

At r0 = 2M(1 + ϵ), the escaping angle and the corresponding solid angle are respectively

sinψesc =
3
√
3

2(1 + ϵ)

√
1− 1

1 + ϵ
=

3
√
3

2

√
ϵ+O(ϵ

3
2 ), (A.14)

∆Ωesc = 2π

(
1−

√
1− 27ϵ

4(1 + ϵ)3

)
=

27π

4
ϵ+O(ϵ2). (A.15)

A turning-back photon reaches its maximum distance when 1/b2 = f(rmax)/r
2
max, so that

rmax = 2M +
8

b2
M3 +O(M5) (A.16)

≈ 2M(1 +
4f0M

2

r20 sin
2 ψ

), (A.17)

where f0 ≡ f(r0) = 1− (2M/r0).
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Particle collisions at the surface

Consider a static, spherically symmetric spacetime described by

ds2 = −f(r)dt2 + 1

g(r)
dr2 + r2dΩ2, (B.1)

where dΩ2 = dθ2+sin2 θdϕ2. For the Schwarzschild geometry, f(r) = g(r) = 1− (2M/r).
For an infalling particle, its four-velocity is

vµ(1) =

(
E

f
,−

√
E2 − f

(
L2

r2
+ 1

)
,
L

r2
, 0

)
, (B.2)

where E and L are respectively the specific energy and angular momentum of the falling
particle. For a particle rest at the surface of an ECO R = 2M(1 + ϵ), its four-velocity is

vµ(2) =

(
1√
f
, 0, 0, 0

)
. (B.3)

Consider the collision between an infalling particle and a particle rest at the surface
and both particles have a rest mass m0, their center-of-mass energy for collision is

ECM = m0

√
2
√
1− gµνv

µ
(1)v

ν
(2), (B.4)

= m0

√
2

√
1 +

E

f 3/2
, (B.5)

= m0

√
2

√√√√1 +
E√

1− 1
1+ϵ

, (B.6)

= m0

√
2

[√
E

ϵ1/4
+O(ϵ1/4)

]
. (B.7)

The expression for the collision energy Eq.(B.4) is justified as follows.
Consider a two-particle system in a flat spacetime, their four-momentums are defined

as P(1) = (E(1),p(1)) and P(2) = (E(2),p(2)), and the total four-momentum of the system is
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P = P(1)+P(2) = (E(1)+E(2),p(1)+p(2)). In the conter-of-mass frame, the total energy is
ECM and the total four-momentum is thus PCM = (ECM,0). The squared four-momentum
is Lorentz invariant, therefore

E2
CM = (E(1) + E(2))

2 − (p(1) + p(2))
2 (B.8)

= (E2
(1) − p2(1)) + (E2

(2) − p2(2)) + 2(E(1)E(2) − p(1) · p(2)) (B.9)
= m2

(1) +m2
(2) − 2ηαβP

α
(1)P

β
(2) (B.10)

= m2
(1) +m2

(2) − 2m(1)m(2)ηαβv
α
(1)v

β
(2), (B.11)

where ηαβ is the Minkowski metric and diag(ηαβ) = (−1, 1, 1, 1). For a curved spacetime
described by the metric gµν , one can always find a local inertial system that the above
equation holds valid. As long as gµν is known, the coordinate transformation is well
defined, and thus vα = ∂xα

∂xµ v
µ and gµν = ∂xα

∂xµ
∂xβ

∂xν ηµν . The center-of-mass energy becomes

E2
CM = m2

(1) +m2
(2) − 2m(1)m(2)ηαβv

α
(1)v

β
(2) (B.12)

= m2
(1) +m2

(2) − 2m(1)m(2)ηαβ
∂xα

∂xµ
vµ(1)

∂xβ

∂xν
vν(2) (B.13)

= m2
(1) +m2

(2) − 2m(1)m(2)gµνv
µ
(1)v

ν
(2). (B.14)

For m(1) = m(2) = m0, the expression of ECM is therefore

E2
CM = 2m2

0 − 2m2
0gµνv

µ
(1)v

ν
(2) (B.15)

= 2m2
0(1− gµνv

µ
(1)v

ν
(2)). (B.16)
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Appendix C

Bound orbits revisited

The original purpose of the introduction to q is to describe the bound orbits of time-like
particles [75], we believe it is still valid when we extend it to describe the bound orbits of
photons. However, a few things will be different, at least in our case of constant-density
star.

Zoom-whirl behaviour is not necessary. —– For time-like particles, zoom-whirl be-
haviour is unavoidable in the region of strong gravitational field. It means the particles
whirls around the central BH before zooming out. For photons trapped inside the unsta-
ble light ring, zoom-whirl behaviour seems not necessary. As shown in Figure 2.3, one
can find in the case of b = 5.197M there is an extra whirl before the photon travels to its
pericenter, corresponding to q ≳ 1, but in b = 5.6M and b = 6.2M cases, there is no extra
whirl, the orbits look more like precessing orbits of planets, corresponding to 0 < q ≪ 1.

Allowed range of q. —– For b→ bR, the photon travels around near the unstable light
ring for an infinity time before it falls into the star, therefore ∆ϕ → +∞ and q → +∞.
This is similar to when a time-like particle travels its unstable circular orbit. But we
need to be careful when determine the lower limit of q. According to its definition, the
q value of a closed, ellipse-like orbit is zero. In principle, lower values of q with |q| ≪ 1

are acceptable, they correspond to retrograde precession. But when |q| becomes larger,
the orbit can be impossible. q = −1

2
makes ∆ϕ = π and

∫ r+
r−

dϕ
dr

dr = π/2, implying that
the accumulated azimuth between two turning points is π/2. This orbit would look like
a peanut shell, which could not exist in a single-source gravitational field.

All orbits inside the star are closed. —– As stated above, we find q → 0 when b→ bR

and q = 0 for bR < b < b−. The most solid way to draw this conclusion is to calculate
the integral

∫ r+
r−

dϕ
dr

dr analytically and prove it equals to π. But it seems unrealistic due
to complexity of the expressions for r+,−. One cannot obtain a perfectly exact result in
numerical calculation. And the numerical result qnum is always smaller than its true value
qtrue. We cannot start the integral from r− exactly because dϕ

dr
diverges at this point.

Therefore, we can only obtain the accumulated azimuth between [r− + δ, r+ − δ] with
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δ ≪ 1, ending up with a smaller q. When δ → 0, qnum tends to the true value qtrue.
In Figure C.1, we display our results of q with various δ, note that all these values of q
are negative thus the y-axis is log |q|. As δ decreases, the values of qnum become closer
to zero. Hence, we conclude all values of qtrue for bR < b < b− equal to zero, implying
closed orbits. When b → b−, q seems to tend to decrease. We claim that this is caused
by the disadvantage of numerical calculation. Near the pericenter r−, r increases slowly,
leading to a large value of dϕ

dr
. This effect becomes much more significant when the orbit

gets close to the stable light ring. As a result, the accumulated azimuth between r− and
r− + δ increases rapidly and causes what we find in the right of Figure C.1. Based on the
discussion above, it is natural to deduce that q = 0 at b = bR, where the orbit just touches
the surface of star, and at b = b−, the stable circular orbit – the stable light ring. For now,
we are not sure whether this is a unique property of constant-density star or a general
property of ultracompact objects, we expect further calculation can bring answers.

6 7 8 9 10 11 12

b/M

−5

−4

−3

−2

−1

0

1

lo
g
|q
|

R = 2.3M
δ = 10−6M

δ = 10−8M

δ = 10−10M

Figure C.1: Curves of log |q| for bR < b < b−, with different choices of δ. The star radius
is fixed as R = 2.3M . Note that all the q are negative in this figure.
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