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A particle of mass p, moves, in the absence of external forces, in the geometry of a nonrotating
black hole of mass M. The system (black hole plus particle) emits gravitational waves, and the
particle s orbit evolves under radiation reaction. The aim of this paper is to calculate this evolution.
Our calculations are carried out under the assumptions that p/M (( 1, that the orbit is bound, and
that radiation reaction takes place over a time scale much longer than the orbital period. The bound
orbits of the Schwarzschild spacetime can be fully characterized, apart from initial conditions, by
two orbital parameters: the semi-latus rectum p, and the eccentricity e. These parameters are so
defined that the turning points of the radial motion (the values of the Schwarzschild radial coordinate
at which the radial component of the four-velocity vanishes) are given by rq ——pM/(1 + e) and
r2 ——pM/(1 —e). The units are such that G = c = 1. We use the Teukolsky perturbation formalism
to calculate the rates at which the gravitational waves generated by the orbiting particle remove

energy and angular momentum from the system. These are then related to the rates of change
of p and e, which determine the orbital evolution. We 6nd that the radiation reaction continually
decreases p, in such a way that the particle eventually plunges inside the black hole. Plunging occurs
when p becomes smaller than 6 + 2e. (Orbits for which p ( 6 + 2e do not have a turning point
at r = rq. ) For weak-field, slow-motion orbits (which are characterized by large values of p), the
radiation reaction decreases e also. However, for strong-field, fast-motion orbits (small values of p),
the radiation reaction increase8 the eccentricity if p is sufFiciently close to its minimum value 6+ 2e.
The change of sign of de/dt can be interpreted as a precursor efFect to the eventual plunging of the
orbit.

PACS number(s): 04.30.Db, 04.25.Dm, 97.60.Lf

I. INTRODUCTION AND SUMMARY

A. The problem

A particle of mass p, moves, in the absence of external
forces, in the gravitational field of a nonrotating black
hole of mass M. It is assumed that the motion is bound,
and that p « M, but no restriction is put on the strength
of the gravitational field at the particle's location: the
field is arbitrarily strong, and the motion arbitrarily fast.
The system (black hole plus particle) possesses a time-
varying mass distribution, and therefore emits gravita-
tional waves. These waves remove energy and angular
momentum &om the system. The question we intend
to tackle in this paper is the following: How does the
system react to the emission of gravitational waves~ Or
more precisely: What is the orbital evolution under the
inBuence of gravitational radiation reactions

The present work complements and generalizes two

previous analyses: one by Apostolatos, Kennefick, Ori,
and Poisson [1], the other by Tanaka, Shibata, Sasaki,
Tagoshi, and Nakamura [2].

Apostolatos et aL [1] considered the evolution, under
gravitational radiation reaction, of slightly eccentric or-
bits in the Schwarzschild spacetime. This paper general-
izes that work by considering the evolution of any bound
orbit. In the language to be introduced in Sec. ID, the
results of Apostolatos et al. can be recovered by taking
the e ~ 0 limit of those presented here.

Tanaka et al. [2] have also considered a wide class
of bound orbits, and have therefore contributed signif-

icantly to the problem treated here. This paper extends
and complements their work by providing (i) a useful lan-

guage in which to describe the results (the p-e plane, to
be introduced in Sec. ID); (ii) analytical results which

apply, approximately, to some interesting regions of the
p-e plane; and (iii) a discussion which is focused entirely
on the radiation reaction, rather than on the cruxes of
energy and angular momentum at infinity, which is the
main focus of Tanaka et al.

Present address: Center for Gravitational Physics and Ge-
ometry, Pennsylvania State University, University Park, PA
16802.

~Present address: Department of Physics, Washington Uni-
versity, St. Louis, MO 63130.

g. Motivation

The chief motivation for this work comes from the de-

sire to achieve a deeper understanding of gravitational
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radiation reaction in the relativistic two-body problem,
especially in situations where the gravitational field is
strong, and the motion fast. (For an overview of the
two-body problem in general relativity, see Ref. [3] and
references therein. )

For weak 6elds and slow motions, the physics of gravi-
tational radiation reaction is well understood [3—9]. In
this context, calculations are carried out using post-
Newtonian theory [10], and the equations of motion are
derived accurately to some order in v/c. Here, v is the
orbital velocity and c the speed of light. To leading order
in post-Newtonian theory [11], the radiation reaction is
taken into account by adding a piece @„to the Newto-
nian potential [4,5]. Post-Newtonian corrections to the
radiation-reaction force have recently been calculated by
Blanchet [8] and by Iyer and Will [9].

Because the post-Newtonian expansion is presumably
only asymptotic, and not convergent [3,10], it is not clear
that post-Newtonian theory will ever succeed in provid-
ing an accurate description of the radiation reaction in
situations where v/c is not small. To understand the
strong-6eld eKects, it is therefore useful to employ an
alternative approach. Although limited to the case of or-
bital motion around a nonrotating black hole, this paper
presents concrete results on radiation reaction in strong
6elds.

Because of the restriction p (& M, the results pre-
sented in this paper are not directly applicable to the
inspiral, and 6nal coalescence, of a coxnpact binary sys-
tem of two comparable masses [12]. This problem will
have to be solved using either post-Newtonian theory, or
the techniques of nuxnerical relativity which are currently
under intense development [13]. However, it is conceiv-
able that certain features of the small-mass-ratio orbital
evolution will also be present in the more general case.
(One such feature, the increase of the orbital eccentricity
during the last stages of the inspiral, will be discussed be-
low. ) We may therefore hope that the results presented
here will eventually be useful for interpretation purposes,
when the evolution of binary systems with large mass
ratios is better understood. In the meantime, our re-
sults will provide useful ways to check other methods of
analysis, including post-Newtonian theory and numerical
relativity.

Additional motivation for our work comes &om the
possibility that gravitational waves generated by the cap-
ture of solar-mass compact stars by supermassive black
holes residing in galactic nuclei xnay be observed by even-
tual space-borne detectors, such as the proposed LISA
(Laser Interferometer Space Antenna) project [14]. Such
detectors are designed to operate in the &equency band
between 10 Hz and 10 Hz, so that the waves emitted
during the last stages of the capture are observable only
if the central black hole has a mass ranging &om 10 Mo
to 10 Mo. To avoid tidal disruption by the black hole
[15], the captured star must be compact (a white dwarf,
a neutron star, or a black hole).

Stars, normal or compact, are continually injected, by
N-body processes, toward the vicinity of the central black
hole, where they lose orbital energy and angular momen-
tum to gravitational waves [16]. Eventually the star in-

teracts solely with the black hole, and the orbital evo-
lution becomes dominated by gravitational radiation re-
action. Because these systems have small mass ratios,
and because it can be expected that the stars move on
highly eccentric orbits following their capture [16], the
results presented in this paper are directly relevant to
these sources of gravitational waves.

The application of our work to the capture of solar-
mass compact objects by supermassive black holes will
be the subject of a separate publication [17].

C. Method of solution

There currently exists no prescription to calculate the
radiation reaction force acting on a (pointlike or ex-

tended) particle moving in a given background gravita-
tional field, excluding the well-understood case of weak
fields and slow motions. (We will return to this point,
and discuss Gal'tsov's proposal for such a prescription
[18], in Sec. IF.) Nevertheless, the problem considered in
this paper can be tackled using a rather simple-minded
approach, which we now describe.

A particle of xnass p moves, in the absence of ex-
ternal forces, in the geometry of a nonrotating black
hole, and slightly perturbs the hole's gravitational field.
The total 6eld can be calculated by solving Einstein's
equations perturbatively about the Schwarzschild solu-
tion [19].The resulting equations take the form of linear
wave equations for the perturbations, with the particle's
stress-energy tensor acting as a source. The perturba-
tions propagate away &om the source as gravitational
waves, and carry with them energy and angular momen-
tum. Solving the perturbation equations allows us to cal-
culate the rates at which energy and angular xnomentum
are removed from the system (black hole plus particle).

The timelike geodesics of the Schwarzschild spacetime
(Sec. II A) can be fully characterized, apart from initial
conditions, by two orbital parameters, E the orbital en-

ergy per»~it xnass, and L the orbital angular momentum
per unit mass. (Here, the mass is that of the particle. )
The rates at which these quantities change with tixne are
obtained &om the solutions to the perturbation equa-
tions, and the orbital evolution under radiation reaction
is determined.

Such a calculation can easily be carried out if the two
following conditions hold. First, the gravitational pertur-
bations produced by the orbiting particle must have small
amplitudes. This is to ensure that the nonlinearities of
the perturbation fields can, to suKcient accuracy, be ig-
nored. This will be the case if the inequality p/M « 1
is enforced.

Second, we xnust require that the orbits change very
little over time scales which are comparable to the or-
bital period. This is because the source term in the wave
equations —the stress-energy tensor, which depends on
the particle's world line —must be specified before the
equations are integrated. The motion of the particle must
therefore be specified during the time interval over which
the wave equations are integrated. And because the or-
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bital motion is essentially periodic (Sec. IID), this time
interval can be set equal to the orbital period. This pro-
cedure is self-consistent only if radiation reaction occurs
over a time scale much longer than the orbital period,
which shall be assumed here. This adiabatic approxi-
mation can be imposed by formulating additional con-
straints on the size of p/M. These constraints will be
derived in Sec. IV D.

When the adiabatic approximation is valid, the calcu-
lation proceeds as follows. We begin by assuming that
the motion is strictly geodesic over several orbital peri-
ods, and we evaluate the particle's stress-energy tensor.
We then compute, by integrating the wave equations,
(dE/dt) and (dL/dt), the time-averaged rates of change
of the orbital parameters. (The average is taken over sev-
eral orbital periods. ) Finally, we infer from these quan-
tities the slow, secular evolution of the orbit. Provided
that p, /M is suitably constrained, the results are com-
patible with the initial assumption, and the calculation
is self-consistent.

In this paper the gravitational perturbations are de-
scribed using the Teukolsky formalism [20], in which all
information about the perturbations is contained in the
complex-valued function 4'4, a particular component of
the Weyl tensor. In this formalism, a single wave equa-
tion needs to be solved, and the rates at which energy
and angular momentum are carried away can easily be
obtained &om the solution. The Teukolsky formalism
will be reviewed brie8y in Sec. III B.

D. Orbital parameters

E. The results

It is most convenient to represent the radiation-
reaction trajectories, or phase curves, in terms of a phase
diagram, in which the tangent vectors (p, e)—the phase
velocity field —are plotted. (Here and throughout, a dot
denotes differentiation with respect to time followed by
an average over several orbital periods. ) Such a represen-
tation is given in Fig. 1. The results can also be expressed
in terms of the function c(p, e), where
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tion, p and e evolve slowly, over a time scale long com-
pared with the orbital period. The evolution of a given
orbit therefore traces a trajectory in the p-e plane. (The
p-e plane can be regarded as a phase space, and the tra-
jectories as phase curves. ) Our goal in this paper is to
calculate the radiation-reaction trajectories.

The evolution, under radiation reaction, of the bound
orbits of the Schwarzschild spacetime can best be de-
scribed in terms of a set of orbital parameters which is
different from the set (E,L1. For this purpose we intro-
duce p, the orbit's semi-latus rectum, and e, its eccen-
tricity. Both p and e are dimensionless, and are regular

functions of E and L. (See Sec. II B below, which con-
tains a more detailed presentation. )

The new orbital parameters are de6ned as follows. For
bound orbits, the radial motion (the evolution of the
Schwarzschild radial coordinate r as a function of proper
time r) takes place between two turning points (the val-

ues of r at which dr/d7 = 0). We denote the periastron
by r q and the apastron by r2, so that r q & r2. We define p
and e such that ri/M = p/(1+ e) and r2/M = p/(1 —e),
using units in which 0 = c = 1. The semi-latus rec-
turn therefore measures the size of the orbit, while the
eccentricity measures its degree of noncircularity.

The bound orbits of the Schwarzschild spacetime can
be represented by those points in the p-e plane (Fig. 1)
which satisfy the inequalities 0 & e & 1, p & 6 + 2e.
Points for which p ( 6 + 2e represent plunging orbits
(these do not have a turning point at r = ri). The bound-
ary p = 6+2e will be referred to as the separatrix. Points
on the p axis represent stable circular orbits, which have

vanishing eccentricity. Points on the separatrix represent
unstable circular orbits, for which e g 0.

In the absence of radiation reaction, p and e are con-
stants of the motion. In the presence of radiation reac-
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FIG. 1. The bound orbits of the Schwarzschild spacetime
can be represented by points in the p-e plane, a portion of
w'hich is depicted. here. The solid, diagonal line to the left
is the separatrix p = 6+ 2e. The bound orbits are located
to the right of the separatrix. Radiation reaction produces a
slow evolution of the orbital parameters, and therefore gen-

erates curves in the p-e plane. These can be parametrized

by p and have v = (1,de/dp) as tangent vectors. The vector
field v(p, e) is also plotted here, with each point (p, e) located
at the arrow's tail end. For convenience we have uniformly

rescaled the length of the vectors. The solid arrows represent
the calculations of this paper. The dotted arrows represent
the results of Tanaka et aL [2].
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dine
c(p e) =

dlding

In Fig. 2 we have provided a three-dimensional plot of
c(p, e) for the most interesting range of orbital parame-
ters.

Before we proceed with a summary of our main re-
sults we must first recall one of the main conclusions of
Ref. [1]: If an orbit has a vanishing eccentricity initially,
then the radiation reaction does not change the value of
the eccentricity. In other words, circular orbits remain
circular under radiation reaction. [This statement fol-
lows directly from Eq. (4.15) below, which implies that
e oc e for small eccentricities. ] In such circumstances,
the value of p slowly decreases until p = 6 is reached, at
which point the particle plunges inside the black hole.

We now discuss the more general case of orbits possess-
ing nonvanishing eccentricities, first describing the results
which were obtained using analytical methods.

We begin with a discussion of weak-field situations
(Sec. IV A), that is, orbits with large values of p. In
this case we find that p & 0, e ( 0, and

(1.2)

which is valid up to &actional corrections of order p
These conclusions recover the well-known result that
weak-field radiation reaction decreases both the size of
the orbit and its eccentricity [21,22]. In Ref. [1], the first
post-Newtonian corrections to Eq. (1.2) were calculated
for the case of small eccentricities. For completeness we
quote this result here:

c(p ~ oo e (( 1) = —1 —3215p—1 + 3777rp —3/2

+O(p, e ) . (1 3)

0 c

FIG. 2. A three-dimensional plot of the function
c(p, e) = din e/din p, for the range 6 & p & 12 and
0 & e & 0.55. The function c(p, e) is not defined for p & 6+2e.
In this region we have plotted c(p, e) = —(1 —e)/e, which is
equal to c(p, e) at p = 6+ 2e; see Eq. (1.4). The intersection
of the surface c = c(p, e) with the plane c = 0 deSnes the
critical curve, along which de/dp = 0; see Fig. 3. The value of
c(p, e) at the point (7.5, 0.5) appears anomalous, but there is
no reason to suspect the accuracy of our results at that point.

We next turn to cases for which the gravitational field
is extremely strong. More precisely, we now consider
points in the p-e plane which are very close to the sepa-
ratrix p = 6+2e. (In this region, the validity of the adia-
batic approximation implies severe restrictions on p/M;
see Sec. IV D.) It is also possible, for such orbits, to cal-
culate the radiation reaction analytically (Sec. IV B).We
find that when the inequality p —6 —2e « min(1, 4e) is
satisfied [a more precise version of this condition is given

by Eqs. (2.23) and (2.30) below], then p & 0, e ) 0, and

c(p m 6+ 2e, e » s/4)
1 —e

(1.4)

Here, s = p —6 —2e, and Eq. (1.4) is valid up to &actional
corrections of order (c/4e) ln(s/4e).

Equation (1.4) is valid for small eccentricities provided
that e &( 4e. This amounts to approaching the point

(p, e) = (6, 0) along a path which lies very close to the
separatrix. The result is different if we approach the
point (6, 0) in a different direction. For example, if we

choose a path which lies very close to the p axis (Sec. IV
C), so that e « p —6, then we find that p & 0, e ) 0,
and

c(p m 6, e « p —6) —
3 (p —6) (1.5)

which is valid up to &actional corrections of order
max[p —6, e3/(p —6)3]. Equation (1.5) was first derived in
Ref. [1]. Equations (1.4) and (1.5) imply that the point
(6, 0) is, in some sense, a singularity of the p-e plane. Not
only does c(p, e) diverge at that point, but its degree of
divergence depends on the direction of approach.

We remark at the end of Sec. IV C that Eqs. (1.4) and
(1.5), but not Eqs. (1.2) and (1.3), are in fact valid for
any type of radiation field.

Equations (1.4) and (1.5) both iinply that near the
separatrix, the radiation reaction increa8e8 the eccentric-
ity: e ) 0 everywhere near p = 6+ 2e [23]. This is in
marked contrast with weak-field situations, for which the
eccentricity always decreases. This result, that gravita-
tional radiation reaction increases the eccentricity if p is
sufficiently close to 6+ 2e, is the main conclusion of this
paper. (This discovery was first made by Tanaka et al.
[2]. Our contribution is the analytical proof that this
occurs for any eccentricity. )

The asymptotic expressions for c(p, e), Eqs. (1.2)—
(1.5), taken together, imply the existence of a critical
curve in the p-e plane, along which de/dp = 0. Equation
(1.4) further implies that the critical curve meets with
the separatrix at e = 1. A portion of the critical curve is
displayed in Fig. 3.

The evolution of an orbit under gravitational radiation
reaction typically proceeds as follows (Fig. 1). Suppose
that the orbit lies initially in the weak-field region, so
that p » 6. Radiation reaction slowly decreases both
p and e, until the orbit crosses the critical curve and
the eccentricity reaches its minim»m. From then on, the
radiation reaction continues to decrease p, but now in-
creases e. Finally, the orbit reaches the separatrix, and
the particle phxnges inside the black hole.
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Because the critical curve lies relatively close to the
separatrix, the change of sign of e—a genuine strong-
field effect—can be interpreted as a precursor effect to
the eventual plunging of the orbit.

The results represented in Figs. 1—3 were obtained nu-
merically. We will describe our numerical methods in
Sec. V below.

F. Future work

The techniques used in this paper could readily be ex-
tended to the case of a particle moving in the equatorial
plane of a Kerr black hole. This is because the equatorial
orbits of the Kerr spacetime can also be fully character-
ized by two orbital parameters. The radiation reaction
can therefore be calculated in the same way.

The same cannot be said of orbits in Kerr which lie
outside the equatorial plane. These orbits are character-

.3

.2

ized by three orbital parameters: orbital energy, orbital
angular momentum, and the Carter constant [24]. There
is no known relation —and it is not even clear whether one
exists between the rate of change of the Carter constant
and the fluxes of energy and (vectorial) angular momen-
tum carried by the gravitational waves. It is therefore
unlikely that this most general problem will be solved
before the elaboration of a robust formalism for strong-
field, fast-motion radiation reaction [25].

Conceivably, such a formalism could be constructed
along the lines of DeWitt and Brehme's derivation [26] of
the curved spacetime version of the I orentz-Dirac equa-
tion [27]. The problem to be solved is a generalization
of the one examined in this paper. A particle of mass

p moves in the (arbitrary but known) gravitational fiel
p p of an isolated mass M. (The prototype metric is
the Kerr solution, but the problem may be formulated
more generally. ) To first order in y, /M, which is assumed
small, what are the equations that the motion of the
particle satisfies? (To zeroth order, the particle follows a
geodesic of g p, to erst order, the system emits gravita-
tional waves and radiation reaction takes place. )

This problem appears tractable, because the small per-
turbations produced by the particle obey linear wave
equations in the background 6eld g p, and these wave
equations can be formally integrated with the help of re-
tarded Green's functions [26]. Because the Green's func-
tions have support both on and inside the light cone, the
resulting radiation-reaction force will depend both on the
instantaneous state of the particle, and on its entire past
history.

Gal'tsov has already proposed [18], for the special case
of the Kerr metric, a radiation-reaction formalism based
on solutions to the Teukolsky equation [20] of the half
retarded minus half advanced type. But because of the
causal structure of the Green's functions, the radiation-
reaction force constructed in this way depends not only
on the particle's past history, but also on its future his-
tory. (This is because the advanced Green's function has
support inside the future light cone of the field point. ) It
is therefore not clear whether the Gal'tsov formalism is
suitable for calculating the evolution of the nonequato-
rial orbits [28]. However, it should be quite adequate for
the special case of periodic orbits [28], for which the past
and future histories are identical (apart &om the slow
evolution due to radiation reaction).

0
6 6.5 7.5 C. Organisation of the paper

FIG. 3. A portion of the p-e plane in which lies a portion
of the critical curve (along which de/dp = 0). The solid, di-
agonal line to the left is the separatrix. The solid squares
represent points on the critical curve. (The thickness of the
squares exceeds the numerical uncertainty. ) The dotted curve
consists of straight line segments joining these points. The
arrows have the same meaning as in Fig. 1. Arrows to the
right of the critical curve point down, indicating that radia-
tion reaction decreases the eccentricity. Arrows to the left of
the critical curve point up, indicating that radiation reaction
increases the eccentricity.

The rest of the paper is devoted to the derivation of
the results summarized in Sec. IE.

We begin in Sec. II with a detailed study of the bouad
orbits of the Schwarzschild spacetime. Most of the ma-
terial presented in this section is not new, but for con-
venieace the discussion is esseatially self-contained. The
geodesic equations are written, and the orbital parame-
ters E and I de6ned, in Sec. IIA. In Sec. IIB we intr~-
duce the semi-latus rectum p and the eccentricity e, and
we describe the bound orbits of the Schwarzschild space-
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time in terms of the p-e plane. In Sec IIC we provide
a method for integrating the geodesic equations which
is well suited both for analytic and numerical calcula-
tions. The two fundamental &equencies of the motion,
the radial &equency 0„,and the azimuthal &equency
O~, are defined in Sec. IID. In Sec. II E we integrate the
geodesic equations for the special case e = p —6 —2e (&
min(1, 4e), and derive analytical expressions for O„and
Oy. In Sec. IIF we do the same for the special case
e « min(l, p —6).

In Sec. III we describe our radiation-reaction formal-
ism in detail. We explain the basic method in Sec. III A,
and review the Teukolsky perturbation formalism [20] in
Sec. IIIB. In particular, we show how to infer E and L,
the rates at which the gravitational waves carry energy
and angular momentum to infinity, &om the solution to
the Teukolsky equation. (We will ignore, in this paper,
the energy and angular momentum which are absorbed
by the black hole. This will be justified in Sec. V E.
However, these contributions are included in our analyti-
cal calculations. ) In Sec. III C we calculate the source to
the Teukolsky equation, and we formally integrate that
equation in Sec. IIID. In Sec. IIIE we derive equations
relating the rates of change ofp and e to E and L, and ex-
plain why the radiation-reaction trajectories {the phase
curves of Sec. I D) must cross the separatrix p = 6 + 2e.

Section IV is devoted to the derivation of our analyt-
ical results, in particular, Eqs. (1.2), (1.4), and (1.5).
Weak-field situations are considered in Sec. IVA, while
the strong-field results are derived in Sec. IVB [for the
case s « min(1, 4e)] and C (for the case 4e « s « 1). In
Sec. IV D we formulate constraints on p/M which ensure
the validity of the adiabatic approximation.

Finally, in Sec. V, we describe the numerical meth-
ods which were used to obtain the results presented in
Figs. 1—3. We begin with a brief description of the nu-
merical task in Sec. V A, and then discuss various aspects
of it in Secs. VB—D. In Sec. VE we estimate the overall
accuracy of our results, and compare them to those of
Tanaka et al. [2].

dt/d~ = E/f,
dp/d7. = L/r,
(dr/d7 ) + V(L, r) = E;

(2.1)

we have put e = vr/2 without loss of generality. Here,
the coordinates (t, r, 8, $) are the usual Schwarzschild

coordinates, and 7 is the particle's proper time; E and
L are constants of the motion, respectively, the orbital
energy and angular momentum, both divided by p, the
mass of the particle. We have also defined f = 1 —2M/r,
where M is the mass of the black hole (it is assuaged that
p « M), and the efFective potential for radial motion is
given by

V(L, r) = f(1+L /r ) (2.2)

The qualitative behavior of the effective potential is rep-
resented in Fig. 4.

B. Orbital parameters: p and e

Apart &om initial conditions, the orbits of the
Schwarzschild spacetime are completely characterized by
the values of two orbital parameters, which can be chosen
to be E and L. Bound motion occurs if

E&1, L & 2~3M. (2.3)

When E and L satisfy Eq. (2.3), the equation V(L, r) =
E2 possesses in general three distinct roots, which we

designate by r3 & rq & r2. This situation is depicted
in Fig. 4. The motion takes place between the turning
points rq (the periastron) and r2 (the apastron). We are
not concerned with the plunging motion occurring inside
r r3 ~

We define p, the 8emi-latu8 rectum and e, the eccen-
tricity, such that

II. BOUND ORBITS OF THE
SCHWARZSCHILD SPACETIME

This section is devoted to the study of the bound orbits
of the Schwarzschild spacetime. Most of the material pre-
sented here is not new, and can be found in the classic
papers of Hagihara [29] and Darwin [30], or in Chan-
drasekhar's book [19]. The main purpose of this section
is to establish the notation used in the rest of the paper;
it will also serve as a repository of various useful results.
For convenience, the material is presented in an entirely
self-contained manner.

A. The geodesic eguations

The timelike geodesics of the Schwarzschild spacetime
are described by the equations

FIG. 4. The efFective potential for radial motion. The
three turning points r3 & r2 & rz are defined by the cubic
V(L, r) = E . Bound motion takes place between rq, the
periastron, and r2, the apastron.
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pM pM
r21+e 1 —e

(2.4) ( )
t(r)
P —t(r)

r ~~
tA T

~ A

first branch,
second branch,

(2.9)

Both p and e are dimensionless. As implied by Eq. (2.4),
p measures the size of the orbit, while e measures its
degree of noncircularity. These quantities have been used
previously by Darwin [30]. Notice that e is confined to
the range 0 & e & 1; the value of p will be constrained
below.

The relationship between (p, e}and (l., E) can be ob-
tained by comparing the cubic V(1, r) = E2 to its equiv-
alent form (r —ri)(r —r2)(r —rs) = 0. This yields
rs/M = 2p/(p —4),

(p —2 —2e) (p —2 + 2e)E2
p(p —3 —e2)

and

where

tr =E
fi(E2 VI)1/2

(2.10)

(„) (r)
&4 —0(r)

first branch,
second branch,

(2.11)

where

with f' = 1 —2M/r' and V' = V(l, r') We. have also
defined P = 2t(r2), the period of the radial motion. Sim-
ilarly we find

p M
p —3 —e

(2.6)
(b(r) = I

7'

rf2(E2 VI)1/2
(2.12)

The inequalities (2.3) are then automatically satisfied for
any value of p, and for any e ( l.

Stable circular orbits occur when E is equal to the
minimum value of the e8'ective potential. This implies
rq ——r2, so that

stable circular orbits ~ e = 0. (2 7)

The radius of a stable circular orbit is equal to pM.
Unstable circular orbits occur when E is equal to the

maximum value of the effective potential. The turning
points rq and r3 are then no longer distinct, and the con-
dition rq ——r3 does not correspond to zero eccentricity.
Instead,

unstable circular orbits ~ p = 6+ 2e. (2.8)

The radius of an unstable circular orbit is equal to (6 +
2e)M/(1+ e).

It is easy to see that p must satisfy the inequality p )
6 + 2e in order for the orbit to be bound; otherwise the
orbit is a plunging one, with a unique turning point at
r = r2. It is worth noting that this inequality implies
ri/M & (6+2e)/(1+e); the periastron radius is therefore
always larger than 4M. We also remark that the curves

p = 6 + 2e and e = 0 meet at p = 6, which implies that
stable circular orbits occur only for p ) 6.

The bound orbits of the Schwarzschild spacetime can
be represented by those points in the p-e plane which
satisfy the inequalities 0 & e ( 1, p ) 6 + 2e. The
boundary p = 6+ 2e will be referred to as the separatrix.

and where AP = 2$(r2) is the amount by which P in-
creases in the course of one radial orbit.

Equations (2.10) and (2.12) are not directly suitable
for numerical integration, because their integrands di-
verge at both turning points. To facilitate the numerical
integration of the geodesic equations, and also their ana-
lytical integration in the limiting cases considered below.
it is useful to make the substitution

pM
r(X =

1+ ecosoc
(2.13)

The parameter y ranges Rom 0 to 2' as r goes from
rj to r2 and back to rq, y is therefore a single-valued
parameter along the orbit.

Substituting Eq. (2.13) into (2.2), and using (2.5) and
(2.6) we find

p p 3 e

where the higher (lower) sign corresponds to the first
(second) branch of the radial motion. When we substi-
tute Eqs. (2.13) and (2.14) into (2.10) and (2.12) we find

that the factor e sing in (E2 —V) / cancels the same
factor in dr/dy, so that the integrands are now regular.
We obtain

t(y) = p M(p —2 —2e)'/ (p —2+ 2e)'/

x dy' (p —2 —2e cos y') (1 + e cos y )

C. Integration of the geodesic equations x (p —6 —2e cos y') (2.15)

We integrate Eqs. (2.1) by eliminating r from the sys-
tem of equations, and by choosing r as the parameter
along the orbit. Clearly r is a multivalued parameter,
and the radial motion possesses two distinct branches.
We take the first branch to be the motion &om rq to r2,
and the second branch to be the motion from r2 back to
rl.

Integrating Eqs. (2.1) gives

and

dx
4(X) =P

( 6 2 I)i/2' (2.16)

Since y is single-valued. along the orbit, our expressions

for t(y) and P(y) are valid for both branches of the radial

motion. The radial period is then given by P = t(2m) =
2t(vr) and b.P = P(2m. ) = 2$(m).
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The substitution y = 2Q —w changes the right-hand
side of Eq. (2.16) into an elliptic integral of the first kind.
The following convenient expression for b,P is then ob-
tained:

ing expressions for P, b,P, and O~. We begin with the
limiting case of orbits lying very close to the separatrix.

We first define the small parameter

( 1/2

&+=41
(p —6+ 2e) (p —6+ 2e) ' (2.i7)

e = p —6 —2e, (2.20)

whose magnitude will be constrained below. Substituting
this into Eqs. (2.15) and (2.17) we obtain

where K(m) = fz dg (1—m sin g) i/ is the complete
elliptic integral of the first kind [31].

D. Fundamental frequencies: A„and A~

P = 16M(1+ e) / (3+ e) 1+O(s)
~ ~

A(1 —cos y)X - X/2's + 2e(1 —cosy)
(2.21)

Equation (2.17) implies that in general, b,P is not equal
to a rational &action of 2'. This, in turn, implies that
the bound orbits of the Schwarzschild spacetime are not
closed. A consequence of this fact is that the motion
as a whole, as seen by static observers at infinity, is not
periodic in t. Only the radial motion shows a periodicity;
the azimuthal motion does not.

The purpose of this subsection is to show that there
exists a reference &arne in which the motion is, after all,
periodic. This reference &arne rotates with a constant
angular velocity Oy with respect to the static observers
at infinity.

It is clear that r(t) is a periodic function of time, with
period P, and that any function of r(t) is also a peri-
odic function of time. Any such periodic function, say
a(t), can be decomposed into a Fourier series of the form
a(t) = P& ai, exp( —ikO„t). Here, the sum is over all in-

tegers k, ag = P i f dt a(t) exp(ikO„t), and O„is the
rudial frequency:

2~0„=—. (2.16)

Qp —— 0„.
27r

(2.19)

We may conclude that both r(t) and P(t) —Opt are pe-
riodic functions of time, with a single period P.

E. Orbits near the separatrix: p ~ B + 2e

In this and the following subsections we shall consider
two special cases of bound orbits, and derive correspond-

In partjcular, the function a(t) = dP/dt can be so de-
composed, and P(t) can then be obtained by integrating
the series representation of a(t). The result is P(t) =
cot + P& bI, exp( —ikO„t),where bs = ics/kO„ if k g 0;
bo can be determined from the constraint P& bg = 0
which enforces the initial condition P(0) = 0.

We now see that P(t) —aot can be expressed as a Fourier
series, and must therefore be a periodic function of time.
Clearly, P(t) —aot is equal to the angular position of the
particle, as determined by an observer rotating with con-
stant angular velocity ao with respect to static observers
at infinity. As seen by this observer, both radial and
azimuthal motions are periodic in t.

Finally, the angular velocity Oy = ao can be calculated
to be P i 1' dta(t) = b,P/P, since a(t) = dP/dt The.
azimuthal frequency is therefore given by

where A(z) = (2 + ez) i (1 + e —ez) 2, and

Z/2

(4e + s)
4e1+O(s) K~ ~. (2.22)

g4e+ ay

These expressions hold whenever e is much smaller than
unity.

To make our expressions for P and b,P more explicit,
we demand that

e && 4e. (2.23)

The alternative requirement, 4e (( e, will be considered
in the next subsection.

Equation (2.23) implies that the argument of the com-
plete elliptic integral in Eq. (2.22) is very close to unity.
Using the expansion [31]

1- 16
K(m) = —1+0(1 —m) ln2. 1 —m' (2.24)

we arrive at
1/2-

2e ) E4e
(2.25)

For bound orbits which are very close to the separatrix,
P increases by an amount much larger than 2n in the
course of one radial orbit. The particle therefore revolves
many times around the central mass before returning to
its apastron.

We now manipulate Eq. (2.21) in order to obtain a
more manageable expression for P, in the limit c && 4e.
The final answer is given in Eq. (2.29) below.

The integrand of Eq. (2.21) diverges at y = 0 when
e = 0. This corresponds to the fact that when e = 0,
the particle spends an infinite time at r = rq. We shall
rewrite Eq. (2.21) so as to isolate this divergent piece of
the integral.

The integrand of Eq. (2.21) also diverges at y = x
when e = 1. This corresponds to the fact that when
e = 1, r2 ——oo and the orbit is no longer bounded. We
will also isolate this divergent piece of the integral, so
that the remaining piece will be manifestly finite for all
values of the orbital parameters.

We first take care of the piece of P which diverges as
~ 0. For this purpose, we write A(z) = A(0)[1 +

B(z)], where A(1 —cos y) was defined in Eq. (2.21). The
contribution to P which involves A(0) = (1/2)(1 + e)
is divergent, and is proportional to
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D(cos y) = 3+2e —e cos p- - i/2
2 1 —cosy

2 + e(1 —cos y)
—3+ e —4(7e —3)(1+cosy) (2.28)

is finite.
Gathering the results, we find that the orbital period

can be expressed as

P = 4Me '/ (1+e) (3+ e)

64e ere(9 + 6e —7e2)

4(1 e2) s/2

4e&
+

(4e e) (2.29)

where I(e) = j dy (1 + e cos y) 2D(cos y) is finite for
any e. This integral can be evaluated numerically, and
we find that I(e) lies within the range —2.1149 I(1) (
I(e) ( I(0) = 6 —9vr/4 —1.0686.

We now derive an approximate expression for O~. For
convenience, we ass»me that e is chosen small enough
that in Eq. (2.29), the first term within the square brack-
ets always dominates. We therefore demand that when
e~1,

f dic 1 64e

[s + 2e(1 —cos y)

+ 0
~

—ln —
~; (2.26)

4e)
(4e e)

we have used Eq. (2.24) to evaluate the integral.
The contribution to P which involves B(1 —cosy) is

finite as e tends to zero. Moreover, it can be checked that
setting c to zero in this term only introduces a discrep-
ancy of order (e/4e) ln4e/e which can be absorbed into
the second term to the right-hand side of Eq. (2.26). We
therefore have to evaluate

B(1—cos y) C(cos y)
(1 —cosy) / o (1+ecosoc)2'

where C(z) = (3 + 2e —e2z2)(1 —z) i/2/(2 + e —ez).
The integral to the right-hand side of Eq. (2.27) di-

verges when e = 1. To isolate the divergent piece of
this integral, we write C(z) = C(—1) + C'( —1)(1 + z) +
2 i/2D(z), where a prime denotes differentiation with
respect to the argument. The contributions to the in-

tegral involving C(—1) = 2 i/2(3 —e) and C'( —1)
2 / (7e—3) both diverge when e = 1, because f dy (1+
ecosoc) 2 = n(1 —e ) / and Je dy(1 + cosy)(1 +
e cos y) 2 = vr(1+ e) i(1 —e ) i/2. On the other hand,
the contribution involving

is always much smaller than unity.
Using Eqs. (2.18), (2.19), (2.25), (2.29), and (2.31) we

find that the azimuthal &equency is given by

MBp=
i

—
i

1 —P+0(—)
/1+'e & E'

q6+ 2e) 4e
(2.32)

whenever s satisfies the inequahties (2.23) and (2.30);
and when these hold, P = O(2'/3 P) = O[(ln4e/e) ] ))
O(e/4e).

F. Slightly eccentric orbits: e -+ 0

It is much easier to derive expressions for P, DP, and
Oy for the limiting case of slightly eccentric orbits. We
now demand that

e « min(l, p —6), (2.33)

which we shall impose throughout this subsection.
It is a straightforward matter to use the expansion [31]

K(m) = —1+ 4m+ s4m + 2se4m + O(m )] (2.34)

Similarly, we may expand Eq. (2.15) in powers of the
eccentricity, and then integrate term by term. We obtain

2~Mp' 3(2p' —32p' + 165p —266),P= 1+
(p 6) / 4(p 2)(p 6)

e2

+O(e )

Finally, by combining Eqs. (2.18), (2.19), (2.35), and
(2.36) we arrive at

—10 + 22
MO = / 1 — )e + O(e ) . (2.37)

2(p —2)(p —6)

In Eqs. (2.35)—(2.37), the symbol O(e4) is used to rep-
resent those terms which are fourth or higher order
in the eccentricity; these include terms proportional to
e /(p —6) . The limit p -+ 6 must therefore be taken
with care, always ensuring that e &( p —6.

III. RADIATION REACTION

so as to express Eq. (2.17) as a power series in e. We find

)1/2-
A/=2m~

~
1+ e +O(e ) . (235)

ip —6) 4p —62

s (( 4e expI —(1 —e ) ].
When Eqs. (2.23) and (2.30) hold,

ae(9+ 6e —7e ) /' 64e1
4(1 e2)3/2 i s )

(2.30)

(2.31)

In this section we present our method for calculating
the e8ects of radiation reaction on the bound orbits of the
Schwarzschild spacetime. The method is based upoa the
Teukolsky formalism for black-hole perturbations [20],
which is reviewed below. A more detailed presentation
can be found in Refs. [1,32].
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A. The method with

Our strategy for calculating the evolution, under radi-
ation reaction, of the bound orbits of the Schwarzschild
spacetime was presented in Sec. I C. In short:

We begin by ass»ming that the motion of the particle
is geodesic over a time scale comparable to the orbital
period. The validity of this ass»option follows &om the
adiabatic approximation, which states that radiation re-
action operates over a much longer time scale.

We use the Teukolsky formalism to calculate E and L,
respectively, the time-averaged rates at which the grav-
itational waves carry away energy and angular momen-
t»m. The waves are generated by the orbiting particle,
and the average is taken over several orbital periods.

We ass»me that the orbital parameters change accord-
ing to

U(r) = f '
(u)r) —4i(d(r —3M) (3 4)

where A = (/ —1)(E+2).
The source term in Eq. (3.3) is calculated from the

particle's stress-energy tensor,

T ~(x) = p J dr a r2b ' r —x'(r),

where x is the spacetime point, z'(r) the particle's world
line with tangent vector u = dx' /dr, and 7 denotes
proper time. The first step is to construct the projec-
tions OT = T pn n~, ~T = T pn m~, and 2T =
T pm m~. Then one calculates the Fourier-harmonic
c omp one nt s,T r (r) according to

(3 1)
,T r (r) = — dt dO, T,Yr (8, P)e' ',

2' (3.6)

so that the total energy of the whole system (black hole
plus particle plus waves) is conserved. The symbol ( )
designates the time average.

Because of the radiation reaction, the particle's world
line is not strictly a geodesic. However, as required by
the adiabatic approximation, and in agreement with our
initial assumption, the deviations &om geodesic motion
become noticeable only after a large number of orbits.

The only essential assumption made in this calcula-
tion is that p/M is sufficiently small that (i) the gravita-
tional perturbations obey linear wave equations and (ii)
the adiabatic approximation is valid. In Sec. IV D we
shall formulate precise conditions on p/M which ensure
the validity of the adiabatic approximation.

B. The Teukolsky formalism

In the Teukolsky formalism, gravitational pertur-
bations are described by the Weyl scalar 44
—C @~an m~n~m, where C p~p is the Weyl tensor,
n = z(1, f 00), and—m = (001, i csc8)/~2r-
Throughout we denote complex conjugation with an
overbar. At large distances, 4'4 describes outgoing grav-
itational waves.

The Weyl scalar can be decomposed into Fourier-
harmonic components according to

4
—— ~ r R~c~r 2Yi~8, e ', 3.2

Em,

where, Yr (8, $) are spin-weighted spherical harmonics
[33]. The sums over I and m are restricted to E& m (E—
and E & 2. The radial function R r (r) satisfies the
inhomogeneous Teukolsky equation

where dO is the element of solid angle. Finally, the source
is [32,34]

T r (r) = 2rr(2 2(2+ 2) r rT r (r)

+ 2(2A) ~ r f8 r f qT~r~(r)

+rfCr f Cr rT r, (r)), (3.7)

R r (r m oo) ij, ur~Z r rse' " (3.8)

and represents purely outgoing waves. Here, r' = r +
2Mln(r/2M —1). The amplitudes Z r are given by

1 Rf&(r)T~t~(r)

where the function R~&(r) is the solution to the homo-
geneous Teukolsky equation with ingoing-wave boundary
conditions at the black-hole horizon: Rf&(r m 2M)
(err) f e ' " . At infinity, Rf&(r) represents a super-
postion of ingoing and outgoing waves, Rf&(r ~ oo)

constants, independent of r. The amplitudes Z g sat-
isfy the identities

Z r =(—1)Zr (3.10)

which are derived in Ref. [1].
We now specialize to the case considered in this paper,

for which the &equency spectr»~ of the perturbations
contains only a discrete set of distinct &equencies u
(Sec. III C). We then have

where l: = fd/dr + i(2).

The inhomogeneous Teukolsky equation (3.3) can be
integrated by means of a Green's function [35]. (The
Green's function is so constructed that @4 satisfies a
no-incoming-radiation condition. ) The solution at large
radii is

2 CLP dr f —2(r —M) +U(r) R r —(r) = Tr (r), — Z~C222 ) Zr222 h (M —&222k ) .
k

(3.11)

(3.3)
As indicated, the &equencies u p are characterized by
two sets of integers, m and k. The time-averaged rates at



3826 CURT CUTLER, DANIEL KENNEFICK, AND ERIC POISSON

which the gravitational waves carry energy and angular
momentum to infinity are calculated to be

,T e (r) = p.Ye (—,0)P ') 6((u —(u g)

Eao ) Eoo

e~k
i-=) L;„,

e~I
(3.i2) P

X dt I' r'br —r'e' ' . 318

where
2

Ee ~ = —~-~'I&e I'
4a

(3.i3)
The kequency spectrum is given by

A.
——mOp+ kO„, (3.19)

2

Le s = —m~ ~l~e~l'4' (3.i4)

We stress that E and L represent time-averaged rates;
the average is taken over several orbital periods. For rea-
sons to be given in Sec. V E, we will not consider here
the energy and angular momentum which are absorbed
by the black hole. To an accuracy sufficient for our pur-
poses, we shall neglect these contributions to E and L,
andset E=E, L=L

C. Calculation of,T e (r}

We now proceed with the calculation of the source term
in Eq. (3.3), taking the particle's world line to be a bound
geodesic of the Schwarzschild spacetime. Our starting
point is the particle s stress-energy tensor, which is given
by Eq. (3.5). After integration, this becomes

,T e (r) = )u, Ye (2, 0)O(r —ri)O(r2 —r}
x f'P-'(E' —V)-'~'+b(~ -~ .)

G r
)

+~(~ ai(~) —~4(~)]x g 8 +(p e (3.20)

where k is an integer running from —oo to +oo. Equa-
tions (3.18) and (3.19) express the fact that the frequency
spectrum contains only a discrete set of distinct &equen-
cies, the harmonics of the fundamental &equencies Oy
and O„.This fact has already been used in Eq. (3.11)
above.

We now transform Eq. (3.18) into an integral over r',
using dr'/dt = kf'E (E —V') ~, where the higher

(lower) sign refers to the first (second) branch of the ra-
dial motion (Sec. II C); we also have f' = 1 —2M/r' and
V' = V(L, r'). Breaking the integration into two parts
corresponding to each branch, we find that Eq. (3.18)
becomes

~cx~P
T ~(x) = p, , b(r —r')b(cos0)b((b —(b'). (3.15)

,T e (r) = —Ye (2, 0)

x dt, I' r' b ~ —r' e'& '- &'~, 3.16

Here, (t, r, 8, $j are the coordinates of the spacetime
point z, and (t, r'(t), n/2, gV(t)) describe the particle's
world line; the four-velocity u = dz' /d7 can be ob-
tained from Eq. (2.1).

Following the procedure given in Sec. IIIB we 6nd ' r2[E y (E2 V)il2]2

,G~(r) =, C ~2irL(E + (E' —V)'~']
4r4f2

s = —2.

(3.21)

Here, O(r) is the Heaviside step function, f = 1 —2M/r,
V = V(L, r); t(r) and P(r) were defined in Eqs. (2.10)
and (2.12). We also have, G~ = E,F/fs, where the
right-hand side is evaluated on the first (higher sign), or
second (lower sign), branch of the radial motion. More
explicitly, making use of Eq. (3.17),

where

'
(u n)2

,F(r') =, , ( (u n)(u m)
(u m)'

s=0,
s= —1,
s = —2.

(3.17)

Here, u - n = u n, etc. , and the vectors n and m are
evaluated on the particle's world line.

To evaluate the integral of Eq. (3.16), we rewrite
the integrand as, a(t) exp[i(u —mO4, )t], where, a(t) =
,F(r')b(r —r') exp[ —im(P' —Opt)]. According to
the results of Sec. II D, the functions, a(t) are
periodic in t, with period P. This means that we
can express these functions as Fourier series of
the form P&,a~ exp( —ikO„t), with, al,

P fz, a(t) exp(iA:O„t). We then substitute the series
representations of,a(t) into Eq. (3.16), which is now eas-
ily integrated. The result is

D. Calculation of 2&

Z e ——(2ipu Q'"e) ),Z e (3.22}

where

In this subsection we calculate the amplitudes Z& us-

ing Eqs. (3.7), (3.9), (3.11), and (3.20). These can then
be substituted into Eqs. (3.13) and (3.14) to calculate the
contributions to E and L fmm each 8, m, and k. The fi-

nal result is obtained by summing over all these integers,
as shown in Eq. (3.12)

We start from Eq. (3.7), which we reexpress as T e

2ir g, ,D e,T e, where the operators, D e can easily
be identified. For convenience, we also rewrite Eq. (3.9)
as
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R~i(r), D r.T g (r)
sZwtm = 2& r 4 ~2

2M r J
(3.23)

The right-hand side of Eq. (3.23) can be regarded as an
inner product (R, DT), where R and T are functions,
and D an operator (we have suppressed the use of the
indices for greater clarity). To simplify the evaluation
of this inner product, we define the adjoint operator Dt
such that (R, DT) = (DtR, T). This new operator can
be calculated by performing a number of integration by
parts on Eq. (3.23). After such manipulations, we find
that Eq. (3.23) becomes

,Z r = 2m, pr dr f,R &(r),T ~ (r). (3.24)
2M

We have introduced

2 A(%+2)
sPr = & 2(2A)')'

S=0,
s = —1)
s = —2,

(3.25)

where A = (E —1)(E + 2), together with

sR &(r) = R &(r),

qR &(r) =
~

rf +2f —+iu—r ~R r(r),)dr
2

2R r(r) = r f —2rf(f +iur)

(3.26)

(3.27)

+ i(dr(2 —2M/r + i(dr) R &(r)
H

(3.28)

Equations (3.24)—(3.28) are valid irrespective of the
choice of source functions, T r (r).

The final step is to specialize to the source functions
which are relevant to our problem, and to substitute
Eq. (3.20) into (3.24). Using Eqs. (3.11) and (3.22) along
the way, we find

Zr = 2tp(ld s) Q r ) Zg (3.29)

with

E. The radiation-reaction equations

The Teukolsky formalism, as summarized in the pre-
ceding subsections, allows us to calculate E and I, the

T2

,Zc ——p,p&, Y& (2, 0)O„) dr (E —V)
&1

x,G ( ),R, ( )
+'[ "'(") 4'("&j (330)

In general, the integrals of Eq. (3.30) must be evaluated
numerically. To facilitate these integrations, we make
the substitution r = r(y), given in Eq. (2.13), which
removes the bad behavior of the integrand at r = rq
and r = r2. This change of variables also makes the
perturbation formalism robust, in the sense that the limit
e = 0 can be taken directly, without difBculty.

pp= 2(p -3-")'" p) (p —2 —2e) ~1 2

(p —6 —2e)(p —6+ 2e) .

x (p —2+2e) ~ E —(p —4) L/M (3.31)

and

e2)1/2 3 2
p,e = -p )'

(p —6 —2e~)
ep(p —6 —2e)(p —6 + 2e)

x (p —2 —2e) (p —2+ 2e) ~ E
+ (1 —e~) (p —2)(p —6) + 4e~ I/M) (3.32)

It is important to notice that Eqs. (3.31) and (3.32) are
singular at p = 6+ 2e.

Radiation reaction produces a slow evolution of the
orbital parameters, and therefore generates curves in the
p-e plane. We can anticipate that the curves must all
cross the separatrix p = 6+ 2e, so that the particle must
eventually plunge inside the black hole. To see this, we
only need recall that the gravitational waves remove an-
gular momentum &om the system. This induces a de-
crease in V, the value of the efFective potential at the
local maximum (see Fig. 4). When L reaches the critical
value 2~3M, the potential barrier disappears altogether.
The particle must therefore plunge either at, or prior to,
this point. In the former case (plunging when L
2~3M), the particle s orbit is circular immediately be-
fore plunging; in the latter (plunging when L ) 2~3M),
the orbit is eccentric.

The detailed behavior of the radiation-reaction curves
near p = 6+ 2e will be discussed in Sec. IV B.

IV. ANALYTICAL RESULTS

The first part of this section (Sec. IVA—C) is de-
voted to the calculation of the radiation-reaction curves
(Sec. III E) in those regions of the p-e plane for which the
calculation can be performed, to some degree of accuracy,
analytically. More specifically, we shall be interested in
evaluating p and e, as well as the function

dine
c(»e) =

dldlnp
(4.1)

In Eq. (4.1), the variations in p and e are calculated using
the radiation-reaction equations (3.31) and (3.32). No-
tice also that dp and de denote time-averaged variations;

time-averaged rates at which the gravitational waves
carry away energy and angular moment»m. Using
Eq. (3.1), we can then infer the time-averaged rates of
change of the orbital parameters.

In Sec. II B we have introduced the quantities p and
e as a preferred set of orbital parameters. The purpose
of this subsection is to relate the rates of change of p
and e to E and L, which are directly obtained &om the
Teukolsky formalism.

Since p and e are functions of E and L, we have, using

Eq. (3.1), E=—(BE/Bp)pp + (BE/Be)lje and L=-
(BL/Bp)pp+ (BL/Be)ye. These equations can easily be
inverted. Using Eqs. (2.S) and (2.6), we find



3828 CURT CUTLER, DANIEL KENNEFICK, AND ERIC POISSON

as usual, the average is taken over several orbital periods.
In the second part of this section (Sec. IVD), we will

use our analytical expressions for p and e to formulate
constraints on the magnitude of p/M. These will ensure
the validity of the adiabatic approximation (Sec. III A)
throughout the p-e plane.

A. Weak-Beld radiation reaction: p )) 6

The eEects of gravitational radiation reaction in weak-
field, slow-motion situations are well understood and can
be derived, to leading order [11],using a Newtonian po-
tential of the form 4„=(1/5)(dsQ s/dts)z x, where
Q s is the traceless quadrupole moment of the mass dis-
tribution [4—7]. The radiation-reaction force is then given
by E„=—p,V4„,and the resulting equations of motion
can be used to calculate the rates of change of the orbital
parameters.

We shall instead follow the equivalent procedure of us-
ing the p ~ oo limit of Eqs. (3.31) and (3.32), together
with suitable expressions for E and L, to calculate p and
e. The equations of Sec. III could be integrated analyt-
ically in the limit p ~ oo, so as to yield the desired ex-
pressions for the fluxes of energy and angular momentum.
(See Refs. [32,36,37] for similar analytical integrations of
the perturbation equations. ) However, it is much eas-
ier to obtain E and L from Peters' classic paper [21], in
which they are calculated, to leading order in the weak-
field limit, using the quadrupole formulas [5]. The results
are

2 3/2E= ——p 1 —e 1+24e +96e 42

and

Equations (4.2) and (4.3) are valid up to fractional cor-
rections of order p

It is then a matter of simple algebra to substitute
Eqs. (4.2) and (4.3) into the p m oo limit of (3.31) and
(3.32) to obtain

which is valid for large p and any value of e.
Equation (4.6) iinplies the well-known result that an

initially eccentric orbit becomes circular if radiation re-
action operates for a sufficiently long time [21,22]. (This
conclusion, we stress, is only true for weak-field radiation
reaction. )

It is worth noting that the results presented in this sub-
section are valid also for binary systems with arbitrary
mass ratios [21], provided that p is then interpreted as
the reduced mass of the system, M as the total mass, and

p and e as the orbital parameters of the relative orbit.

B. Strong-field radiation reaction: p —6 —2e && 4e

The region of the p-e plane which lies very close to the
separatrix p = 6+ 2e is also amenable to approximate,
analytical calculations. In this subsection we will take
s/4e, where

(4.7)

to be much smaller than unity.
Our starting point is the statement that when p = 6+

2e, so that the orbit is circular and unstable (Sec. IIB),
the fluxes of energy and angular momentum are related
by E = OyL, where Oy is given by the e = 0 limit of
Eq. (2.32): MB = (1+ e) ~ /{6+ 2e)s~2. This state-
ment can be justified as follows. Equation (2.29) implies
that the radial period P diverges when e approaches
zero, which means that B„=27r/P vanishes in that
limit. From Eq. (3.19) we then find that the frequency
spectrum of the gravitational perturbations is given by

i, = mBy. Finally, substituting this into Eqs. (3.12)—
(3.14) shows that the fluxes of energy and angular mo-

mentum at infinity satisfy the equality E = ByL. It can
also be shown that this frequency spectrum implies the
same relationship between the fluxes at the black-hole
horizon. (For explicit expressions see Ref. [1].) The de-
sired result therefore follows.

The transformation {E,Lj —i (p, ej is singular at
e = 0; see Sec. III E. In order to calculate p and e in
the limit s/4e (( 1, we need to know the relationship
between E and L for orbits which are slightly away &om
the separatrix. The discussion of the previous paragraph
allows us to write

2 3/2
pp= ———p 1 —e 1+-e (4 4) E = (1+n)BpL, o. « 1, (4.8)

and

pe= — —p e 1 —e 1+ e . 45

These equations imply that weak-Geld radiation reaction
decreases both the semi-latus rectum p and the eccentric-
ity e.

Substituting Eqs. {4.4) and (4.5) into (4.1) we arrive
at

(p, ) =
P~ 1+0(p ) (I+ ze ) (1+ z04e ),

(4.6)

where a is only known to vanish in the limit z = 0.
We do not need to know the relative magnitude of o. , in
relation with c, for our purposes. However, it may be ar-
gued, using Eqs. (2.19) and (2.25), that n = O(B„/By)=
O(2n/b. P) = O[(ln4e/s) '] )) O(s/4e). We will not
need to rely on this crude, nonrigorous estimate.

Substituting Eq. (2.32) into (4.8) we arrive at

L f'6+ 2e)
ME &1+e p

1+0— +&(—) (4.9)

We have neglected, in the square brackets, terms of
quadratic and higher order in n. In Eq. (4.9), the rel-
ative magnitude of n, compared to that of P and s/4e,
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is not precisely known [it is most likely that n and P
are of comparable magnitude; see Eq. (2.31)]. How-
ever, this information is not needed to calculate c(e,p).
What is required for the calculation is the knowledge that
P » O(e/4e), so that the term P —a is the larger cor-
rection term in Eq. (4.9). (We dismiss as improbable the
possibility that a and P are equal up to terms of order
e/4e or smaller. We have verified numerically that P —a
is always much larger than e/4e. )

The substitution of Eq. (4.9) into (3.31) and (3.32)
yields

and

py = —2e (1+e)(3 —e) ~ (6+ 2e) ~

X
P —a+ O(e/4e) .

(4.10)

ye = 2e (1 —e)(1 + e)(3 —e) ~ (6 + 2e) ~

x E.P —a+ O(s/4e) .
4.11

Here, E is evaluated on the separatrix, where it is finite
and nonvanishing. Use of Eq. (4.1) then gives

W

c(p, e) = — 1+0
-4' (4.12)

which is valid for s/4e « 1. According to our previous
estimate for the magnitude of a, it is most likely that the
correction term in Eq. (4.12) is of order (s/4e) ln(s/4e).

Although n cannot be calculated analytically, we may
nevertheless state that near the separatrix, p ( 0 and
e & 0, which implies that P —a+ O(s/4e) & 0. This
statement follows from (i) the fact that de/dp & 0 near
the separatrix, which is a consequence of Eq. (4.12), and

(ii) the fact that the radiation-reaction curves must cross
the separatrix, a property that was proved in Sec. III E.

We have therefore established that radiation reaction
acts on orbits which are close to the separatrix so as to
decrease the semi-latus rect»~ p, and to increase the
eccentricity e [23]. This is in marked contrast with weak-
field radiation reaction, which decreases the eccentricity.
We remark that for fixed p,/M, the divergence of pp and
pe in the limit e ~ 0 signals the breakdown of the adi-
abatic approximation. This point will be discussed in
Sec. IVD.

The asymptotic expressions for c(e,p), Eqs. (4.6) and
(4.12), together with the fact that radiation reaction al-

ways decreases p, imply the existence of a critical curve
in the p-e plane, along which de/dp = 0. Equation (4.12)
further implies that the critical curve meets with the sep-
aratrix at e = 1. The existence of such a curve is a gen-
uine strong-field efFect, which can perhaps be understood
as a precursor efFect to the eventual plunging of the orbit.
The precise location of the critical curve can be found by
numerically integrating the perturbation equations. A
portion of the critical curve is displayed in Fig. 3.

ways taken to be much smaller than 4e. This amounts to
approaching the point (p, e) = (6, 0) along a path which
lies very close to the separatrix p = 6+ 2e. In this sub-
section, we calculate p, e, and c(p, e) also in the neigh-
borhood of the point (6, 0), but now approaching it on a
path which lies very close to e = 0. This amounts to tak-
ing the limits e —+ 0, p ~ 6 in that order, always ensuring
that e/(p —6) « 1. As we shall see, the point (6, 0) is a
singular point of the p-e plane, in the sense that c(e,p)
diverges there, and that its degree of divergence depends
on the direction of approach.

The results contained in this subsection are not new,
and were first presented in Ref. [1]. We shall nevertheless
repeat this analysis here, for two main reasons. First, we
wish this paper to be as complete and self-contained as
possible, and the case e (& p —6 must be discussed. And
second, our rederivation of the results will allow us to
forinulate an assumption that was left implicit in Ref. [1];
this ass»mption concerns the order in which the limits
e + 0, p -+ 6 are taken.

Our starting point is the statement that for stable cir-
cular orbits, the fiuxes of energy and angular momentum
are related by E = OyL, where Oy is given by the e = 0
limit of Eq. (2.37): MAy = p ~ . This statement is
justified by first taking the e = 0 limit of Eq. (3.30).
[This limit is taken only after the substitution r = r(y),
Eq. (2.13), is made, and (2.14) used. ] The explicit evalu-
ation of,Z& is straightforward in that limit. The result
is that, Z& vanishes unless k = 0, which implies that the
harmonics of the radial &equency O„donot contribute
to the frequency spectrum, Eq. (3.19). Finally, use of
Eq. (3.29), and then of (3.12)—(3.14), yields the desired
result. (Actually, this argument proves only that the
fiuxes at infinity satisfy the relation E = AyL Howeve. r,
the argument can be generalized so as to also include the
Buxes at the black-hole horizon, for which the same rela-
tion holds. This more complete analysis is presented in
Ref. [1].)

When the orbit is slightly eccentric, we have that E
and L are now related by

E = 1+pe +O(e ) OyL. (4.13)

That the first-order correction is quadratic in e can be
expected &om the results of Sec. II F; this can also be
justified rigorously by taking the small-eccentricity limit
of the relevant equations of Sec. III. This analysis was

carried out in Ref. [1], which also reveals that p(p) is

well behaved in the limit p -+ 6 [38]. This property will

be used below.
It is straightforward to substitute Eq. (2.37) into (4.13)

to obtain an expression for I /ME, and to then expand
Eqs. (3.31) and (3.32) in powers of e. The results are

C. Strong-Beld radiation reaction: e && p —B

The results derived in the preceding subsection are
valid for small eccentricities, provided that p —6—2e is al-

pp=

and

32 '
2P (P 3) 1 + 0 g (4-1.4)

p-6 p-6
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i/2
( 3) i/2

)Me = p —12p + 66p —108

—22(p —2) (p —6) 1+ 0 ( ) E (4. 1. 6)

The detailed behavior of pe/eE as a function ofp depends
on p(p), which must in general be evaluated numerically.
However, since p is well behaved in the limit p -+ 6,
the behavior of pe/eE in that limit can be calculated
unambiguously.

Taking the limit p ~ 6 in Eqs. (4.14) and (4.15) we
obtain Aq((q, (4.19)

(E,L}~ (p, e}at p = 6+2e, see Sec. III E, radiation re-
action occurs increasingly rapidly as the orbit approaches
the separatrix. Since p and e scale with p/M, the validity
of the adiabatic approximation can be maintained at the
price of decreasing p/M sufficiently rapidly. For a fixed
mass ratio, the adiabatic approximation must eventually
break down.

The adiabatic approximation is formulated by requir-
ing that a relevant orbital parameter q changes very lit-
tle over time scales comparable to the orbital period P.
More precisely, we demand that

and

(4.16)
where b, q = ~q~P is the change in q after one radial orbit.
By choosing q appropriately, and then estimating q and
P, Eq. (4.19) can be transformed into a condition on
p, /M.

pe= ee 1+0 p —6, ( ) E (412).27v 2 2
f. The ease p » 6

Finally, substituting Eqs. (4.16) and (4.17) into (4.1) we
arrive at

3 1 2

c(e, p) = —— 1+0 p —6, ( ) . (4.16)
2p —6 )

The results presented here are consistent with our pre-
vious conclusion that radiation reaction acts on orbits
which are close to the separatrix so as to decrease p and
increase e. We also remark that for fixed p/M, the di-
vergence of pp and pe in the limit p ~ 6 signals the
breakdown of the adiabatic approximation. We will re-
turn to this point in Sec. IV D.

It should be emphasized that in both this and the pre-
ceding subsections, calculations were based on this prop-
erty of circular orbits that E = A@I. This property is
very general, and does not depend on the fact that the
radiation field is gravitational [39]. That F = AyL fol-
lows from two key elements. The Grst is that for circular
orbits, the radiation Geld possesses a frequency spectrum
of the form ~ = may. This follows from the circularity
of the orbit only, and holds for any type of radiation Geld.
The second key element is that irrespective of its type,
the radiation Geld transports energy and angular momen-
tum in such a way that for each frequency component,
F oc 60 and L oc m, where the constant of proportion
ality is the same in both expressions [39]. The equality
E = OyI is therefore valid for arbitrary radiation fields,
and so are the results presented in this and the preceding
subsections.

D. The adiabatic approximation

Expressions for p and e which are valid for large p
are given by Eqs. (4.4) and (4.5). Using these results
together with P = 2np /2(l —e2) s/2M, which is valid
up to fractional corrections of order p, Eq. (4.19) gives

)((,/M « p / . (4.20)

We note that Eq. (4.20) follows whether we choose q—:p
or q = e. Equation (4.20) is superseded by the condition
p, /M « 1 which ensures that the gravitational pertur-
bations obey linear wave equations. Thus, the adiabatic
approximation is automatically satisGed in the weak-field
limit.

We have already noted that the results presented in
Sec. IV A are valid also for binary systems with arbitrary
mass ratios, provided that p is then interpreted as the
reduced mass of the system, and M as the total mass.
Since )(J,/M & 1/4, with the equality holding when the
masses are equal, we see that the radiation reaction is
necessarily adiabatic when p is large, irrespective of the
mass ratio.

2. The ease p —6 —2e (( 4e

M (3 —e) / (6+ 2e)2 AP P —n .

p e(1+ e) / 2vr

The most relevant orbital parameter in this case is

q = e. = p —6 —2e, and i can be calculated using
Eqs. (4.10) and (4.11). The orbital period can be ex-
pressed as P = AP/Oy using Eqs. (2.18) and (2.19).
Substitution of Eq. (2.32) then yields

We now use the analytical estimates of the previous
subsections to formulate constraints on y/M which en-
sure the validity of the adiabatic approximation. These
constraints are most severe in the vicinity of the sep-
aratrix. Due to the singularity of the transformation

We now need to estimate P —n, as well as E. For the
former, we recall Eq. (2.31) which shows that P is of
the same order as 2n/b, P, and the analysis of Sec. IVB
which suggests that o. is also of that order. We therefore
write P —c6 —2'/AP, where means "equal up to a
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n»merical factor of order unity. " For E we use an esti-
mate based on the quadrupole formula [5]; this estimate
should be valid up to a numerical factor of order»nity.
Thus, E = (32/5)(p/M) (1+e) (6+2e), which holds
for a (fictitious) circular orbit of radius ri G.athering the
results, and ignoring numerical factors, we arrive at

p/M « e2.

This condition on y, /M is indeed quite severe.

(4.22)

8. The caee p —6&(1;e(& p —6

E(p —6) 7776~27r(p —6) (M/p) F. (4.23)

Using the quadrupole formula to obtain the crude es-
timate E —(32/5)(p, /M) p, and ignoring numerical
factors, we arrive at

This case can be considered by identifying q with

p —6, whose rate of change was evaluated in Sec. IV C.
The orbital period is given by Eq. (2.36). We find,

Eqs. (2.15), (2.16), (2.18), (2.19), and (3.19).
(ii) The integration of the homogeneous Teukolsky

equation [Eq. (3.3) with vanishing source], to obtain
R „t(y) for 0 & y & m. From this we calculate

,RH t(y), with the help of Eqs. (3.26)—(3.28). The in-
tegration of the homogeneous Teukolsky equation also
gives Q' t, the "amplitude" of the ingoing part of
RH t(r -+ oo), which is substituted into Eq. (3.29).
Step (ii) is the one which requires the most care; it will
be the subject of Sec. VC.

(iii) The computation of,G~(y), t(y), and P(y), for
0 & y & m. Equations (2.15), (2.16), and (3.21) are used
for this calculation.

(iv) The evaluation of,pt, using Eq. (3.25), as well as

,Yt (2, 0), using Eq. (2.15) of Ref. [32].
The computation of E and L formally involves sum-

ming over an infinite number of terms. In Eq. (3.12), the
sum over E is only restricted by E & 2, and the sum over k
is unrestricted. In Sec. V D we will examine the question
of how to truncate these sums so as to achieve a desired
degree of accuracy.

(4.24) B. Integration of functions

We remark, comparing Eqs. (4.22) and (4.24), that the
rate at which p/M must tend to zero as the point (6, 0)
is approached varies with the direction of approach. This
is an additional consequence of the fact that this point is
a singular point of the p-e plane.

V. NUMERICAL RESULTS

In the first part of this section (Sec. VA —D) we will
describe the numerical methods which were used to ob-
tain the results presented in Figs. 1—3. We have written
our code with the help of FORTRAN subroutines given in
Ref. [40). All computations were carried out with double
precision.

In the final part of this section (Sec. VE) we will es-
timate the overall accuracy of our results, and compare
them to those of Tanaka et aL [2].

Part of the numerical task involves the integra-
tion of several functions of g, as is expressed in
Eqs. (2.15), (2.16), and (3.30). Because these functions
are all smooth, the integrations can be performed using
Romberg's method, as implemented by the subroutine
qRQMB of Ref. [40).

The tolerance of the integrator, ~~, can be set to very
small values without difficulty. Thus, the numerical er-
ror introduced by the Romberg integrator can be chosen
to be negligible compared to the truncation error (Sec.
VD), which determines the overall accuracy of the final
results. Typically we have chosen eR ——10

When integrating Eq. (2.16) we have chosen not to
take advantage of the fact that P(y) can be written as
an elliptic integral.

C. Integration of the homogeneous
Teukolsky equation

A. The numerical task

The main function of our code is to compute, for a
given point in the p-e plane, the numbers Z& for each
relevant S, m, and k. This involves the n»merical integra-
tion of Eq. (3.30), after the change of variables r = r(y)
has been made [see Eqs. (2.13) and (2.14)], and the eval-
uation of Eq. (3.29). The S& are then used to calculate

(M/p) E and (M/p)2L/M via Eqs. (3.12)—(3.14). Fi-
nally, these quantities are substituted into Eqs. (3.31)
and (3.32), to obtain M p/p and M e/p.

The computation of each Z& involves many steps.
These include the following.

(i) The evaluation of O„and 04„which determine the
perturbation &equency ur p. For this calculation we use

R t(r m 2M) - (ur)4f2e ' ", (5.1)

at the black-hole horizon. Here, f = 1 —2M/r and r' =
r + 2M ln(r/2M —1). At large distances,

R t(r m oo) - Q' t((ur) e ' " + 0 (r e' " ), (5.2)

where Q' t is a constant. The function R t(r) and its
derivatives must be evaluated in the range rq & z & r2.
We must also estimate the "amplitude" Q' &. This is
difficult, because the ingoing part of RHt(r) decays as

A particularly important part of the numerical task is
the integration of the homogeneous Teukolsky equation,
Eq. (3.3) with vanishing source. We are interested in the
particular solution R t(r) which describes purely ingoing
waves,
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r at large radii, while its outgoing part grows as r .
To avoid such complications [41], it is preferable to in-

tegrate, instead of the homogeneous Teukolsky equation,
the related Regge-Wheeler equation [42]:

2
d2 2M df + f —+(u —W(r) X g(r) = 0, (5 3)

where W(r) = f[I(I + 1)/r —6M/r ] For this equa-
tion also we choose a particular solution X r(r) which is
purely ingoing at the black-hole horizon:

X,(r-+2M) - 1+a &f+b„&f'+ e ' ', (5.4)

where

E(l + 1) —3
1 —4i Mu)

(E —1)E(E + 1)(E+ 2) —12iMu)

4(1 —2iM(u)(1 —4iM(u)

(5.5)

At large distances,

X ~(r -+ oo) - A'"~P„g(err)e ' "

+ A r'P g(~r)e' ", (5.6)

where A'"& and A &' are constants, and P g(~r) = 1 +
a ~(err) i + 5 r(err) + . Here

a g = E(8+ 1), ——
2

b r = —Ii (I —1)E(E+ 1)(E+ 2) —12iM(u],

(5.7)

and an overbar denotes complex conjugation.
From Xf&(r) and its derivatives one recovers R &(r)

and its derivatives by applying the Chandrasekhar trans-
formation [43],

R q(r) = 4(b g) '(M~) (ur fCf 'ZrX ~(r), (5.8)

where 2 = fd/dr+in Because X. r(r) satisfies a second-
order differential equation, the differentiations need not
be performed numerically. The Chandrasekhar transfor-
mation also implies

Q'
q

———4(1 —2iM(u) (1 —4iM~) (Mcu) A'"q (5 9)

From Eq. (5.8) one can indeed verify that B r(r) satis-
fies the homogeneous Teukolsky equation, with boundary
conditions (5.1) and (5.2), if X &(r) is a solution to the
Regge-Wheeler equation, with boundary conditions (5.4)
and (5.6).

The numerical integration of Eq. (5.3) proceeds out-
ward from r = 2M(1+ el), where el is a small number;
typically el ——10 . The integration is performed using
the Bulirsh-Stoer method, as implemented by the subrou-
tines ODEINT and BSSTEP of Ref. [40]. We have typically
set the tolerance of the integrator to e~g ——10

The complex-valued amplitude A'"& is evaluated by in-

tegrating the Regge-Wheeler equation up to large values

of r (large compared with the scale ~ ), and by then
comparing the numerical results with Eq. (5.6). More
precisely, the integrator pauses at some r, estimates the
value of A'", and then proceeds to a larger value of r
where another estimation is made. When A'" changes
by a fractional amount less than the imposed limit ~~,
the integrator stops and returns that value for A'" . In
practice, the convergence of this process is quite rapid,
thanks to the insertion of P r(~r) in Eq. (5.6). However,
we have found that in general, the required accuracy on
A'" must be set lower than the accuracy of the integra-
tor. Otherwise, the estimator has difEculty converging at
all; this convergence problem is more severe for larger fre-
quencies. Typically, we have chosen e~ ——10e~g, which
appears to work well for all values of p and e.

D. Truncation of in6nite sums

As pointed out previously, the numerical calculation of
E and L must involve the truncation of infinite sums over
8 and k. This truncation obviously limits the accuracy of
the numerical results. It is the purpose of this subsection
to devise ways to truncate the sums so that the error
introduced does not exceed a specified size.

It is easy to formulate a simple prescription for trun-
cating the sums over E It w.as shown in Ref. [32] that
for circular orbits, a given multipole 8 contributes a frac-
tional amount of order p ~~ ~ to E and L. We assume
(and we have verified numerically) that this result re-
mains valid, at least within an order of magnitude, when
the orbit is eccentric. We then obtain that in order to
achieve a fractional accuracy of order eg, we must include
in the sums over 8 all terms with E & 8 „,where

(5.10)

We have found that Eq. (5.10) works indeed quite well in
the region of the p-e plane which was of most interest to
us. In principle, eg could be chosen to be of the same or-
der of magnitude as the previously introduced c's. How-

ever, it is more appropriate to set it only slightly smaller
than eg, which we define below, and which shall be the
largest of the e's.

It is more dificult to obtain a prescription for trun-
cating the sums over k. First, it is necessary to know
something about the distribution of Eg I, as a function
of k, for fixed 8 and m and for given values of p and e.
The Lg I, 's follow a similar distribution.

For very small eccentricities, the distribution of Eg
is strongly peaked at k = 0, and decays rapidly away
from k = 0. It can indeed be shown, using the equations
of Sec. III, that for e « 1, Eg i, /Eg 0 ——O(e ~"~); this
analysis was carried out in Ref. [1].

For larger, but still small eccentricities (Fig. 5), the
center of the distribution is pushed away from k = 0 by
an amount of order unity which depends on the values
of p, e, E, and m. However, it is still true that only a
small number of k's make a significant contribution to
g„&ek.

For large eccentricities (Fig. 6), a large number of har-
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monies is required, and the center of the distribution is
displaced &om k = 0 by a large amount depending on
the values of p, e, E, and m. In all cases we have found
that the negative values of k contribute very little to the
total result.

Because the distributions of Eg I, and I.g I, as func-
tions of k are so complex, it is not possible to truncate
the s»~s over k at some universal values k; and A:

Instead, for given p and e, and for fixed E and m, we let
the code compute Eg g and Lg g &om k = 0 outward,
comparing the value of the current Eg A,. to the maxi-
mum value encountered thus far (for that 8 and m). The
calculation stops when for several successive k's, Eg
drops below a fixed number eg times the maximum value.
The calculation is then repeated for the negative k's, us-

ing the same maximum value. Finally, the sums over k
are carried out, and the final answers for P& Er s and

g& Lr & are considered to have a fractional accuracy of
order ~g.

E. Overall accuracy
The overall accuracy of our results is determined, at

least in part, by choosing the value of ~g, . A smaller value

implies that more harmonics of the radial &equency will
be included in the sums, which in turn implies a longer
running time. For fixed eg„on the other hand, the run-
ning time increases rapidly with increasing eccentricity.
Practically, therefore, it is not usually possible to set ep
to very small values. We have typically chosen eI, ——10
Fortunately, this relatively low accuracy is quite sufBcient
for our purposes.

Let e denote the overall &actional accuracy of our re-
sults. The discussion of the preceding subsections implies
the following hierarchy between all the e's:

E ~ CIA ~ 6g )) cA )) &BS = &R )) &l.

To verify that eg is indeed a fair estimation of the overall
accuracy, we have carried out runs with decreasing values
of ep, and checked that the final answers di8ered by the
expected amounts.

It is also useful, to assess our accuracy, to compare our
results to the generally more accurate ones of Tanaka
et al. [2]. Such a comparison was performed for several
points in the p-e plane, and representative results are
shown in Table I.
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FIG. 5. The contributions (M/p) Eg I, to the total rate
(M/p) R, plotted as a function of the integer k, for fixed t
and m, and for p = 7.50478, e = 0.188917. See Eq. (3.12) and
Table I. In part (a), E = m = 2. In part (b), )) = m = 5.

FIG. 6. The contributions (M/p) Rq~I, to the total rate
(M/p) E, plotted as a function of the integer k, for fixed g
and m, and for p = 8.75455, e = 0.764124. See Eq. (3.12) and
Table I. In part (a), t = m = 2. In part (b), 8 = m = 5.
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TABLE I. Comparison with the results of Tanaka et al. for
two representative points in the ~e plane. Shown are the val-

ues of p, e, E, I, , ri, r z, 0„,f14„andb,P; the overall accuracy
of our results (Tanaka et al. claim a fractional accuracy better
than 10 ); the values of E and L as calculated in this pa-

per and by Tanaka et al. ; the relative difFerence between the
results; and the values of p and e as calculated in this paper.

Quantity

p
e

L/M
ri/M
r2/M
MO„
MOy

M E/p (this paper)
M E/p (Tanaka et al).
ML/IJ, (this paper)
ML/p(Tan, aka et aL)
Relative difFerence
M'p/p
M e/p

Point No. 1
7.50478
0.188917
0.948279
3.55000
6.31228
9.25279
0.0210558
0.0475982
14.2036
10-4
3.16804 x 10
3.16689 x 10
5.96562 x 10
5.96391 x 10
4 x 10
—7475 x 10
—1.967 x 10

Point No. 2

8.75455
0.764124
0.977903
3.85000
4.96255
37.1151
0.00804892
0.0153556
11.9869

10
2.10080 x 10
2.11580 x 10
2.75034 x 10
2.76838 x 10
7 x 10
-2.283 x 10
-2.126 x 10

As a final remark concerning the accuracy of our re-
sults, we note that we have not, in this paper, calcu-
lated E and I. , the time-averaged rates at which the
black hole absorbs energy and angular momentum. Con-
sequently, our results are only valid up to a &actional ac-

curacy not better than eH = E /E —L /L, where
E and L denote the rates at infinity. It can be shown
[I] that for circular orbits, E /E = L /L = O(p ).
We may assume that this result stays valid, at least
within an order of magnitude, for eccentric orbits, and
conclude that eH = p 4 ( 8 x 10 . Because we have
generally worked with e 10 )& eH, we can safely ig-
nore the contributions E and I to E and I . This was
also done by Tanaka et al. [2].
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