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Quasinormal behavior of the D-dimensional Schwarzschild black hole
and the higher order WKB approach

R. A. Konoplya*
Department of Physics, Dniepropetrovsk National University, St. Naukova 13, Dniepropetrovsk 49050, Ukraine
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We study characteristic~quasinormal! modes of aD-dimensional Schwarzschild black hole. It is shown that
the real parts of the complex quasinormal modes, representing the real oscillation frequencies, are proportional
to the product of the number of dimensions and inverse horizon radius;Dr 0

21. The asymptotic formula for
large multipole numberl and arbitraryD is derived. In addition, the WKB formula for computing QN modes,
developed to the third order beyond the eikonal approximation, is extended to the sixth order here. This gives
us an accurate and economic way to compute quasinormal frequencies.
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I. INTRODUCTION

Within the framework of the brane world models the si
of extra spatial dimensions may be much larger than
Planck length, and the fundamental quantum gravity sc
may be very low (;TeV). When considering models wit
large extra dimensions the black hole mass may be of
order of 1 TeV, i.e., much smaller than the Planck ma
There is a possibility of production of such mini-black-hol
in particle collisions in colliders and in cosmic ray expe
ments@1#. Estimations show that these higher dimensio
black holes can be described by classical solutions
vacuum Einstein equations. Thus the investigation of
general properties of these black holes, including pertur
tions and decay of different fields around them, has attrac
considerable interest~see, for example,@2,3# and references
therein!.

It is well known that when perturbing a black hole
undergoes damping oscillations which are characterized
some complex eigenvalues of the wave equations calledqua-
sinormal frequencies. Their real parts represent the oscill
tion frequencies, while the imaginary ones determine
damping rates of the modes. The quasinormal mo
~QNM’s! of black holes~BH’s! depend only on the black
hole parameters and not on the way in which they were
cited. QNM’s are called, therefore, the ‘‘footprints’’ of
black hole. Being a useful characteristic of black hole d
namics, quasinormal modes are studied also within differ
contexts now: in anti–de Sitter/conformal field theory~AdS/
CFT! correspondence~see, for example,@4–15# and refer-
ences therein!, because of the possibility of observing qua
normal ringing of astrophysical BH’s~see@16# for a review!,
when considering thermodynamic properties of black ho
in loop quantum gravity@17–20#, in the context of a possible
connection with critical collapse@4,9,21,22#.

Thus it would be interesting to know, from a differe
standpoint, what happens to a black hole living
D-dimensional space-time with a QN spectrum@23,3#. The
subject of the present paper is twofold: First we extend
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WKB method of Schutz, Will, and Iyer for computing QN
modes from the third to the sixth order beyond the eiko
approximation~see Sec. II and Appendix A!. In many physi-
cal situations this allows us to compute the QNMs accura
and quickly without resorting to complicated numeric
methods. In Appendix B, QN modes ofD54 Schwarzschild
black holes induced by perturbations of different spin a
obtained by the sixth order WKB formula, and compar
with the numerical values and third order WKB values. Se
ond, motivated by the above reasons, we apply the obta
WKB formula to find the scalar quasinormal modes of m
tidimensional Schwarzschild black holes~Sec. III!. It is
shown that the real parts of the quasinormal frequencies
proportional to the productDr 0

21, where r 0 is the horizon
radius andD is the dimension of space-time.

II. SIXTH ORDER WKB ANALYSIS

The first semianalytical method for calculations of B
QNMs was apparently proposed by Bahram Mashhoon, w
used the Poschl-Teller potential to estimate the QN frequ
cies @24#. In @25#, there was proposed a semianalytic
method for computing QNM’s based on the WKB treatme
Then in @26# the first WKB order formula was extended t
the third order beyond the eikonal approximation, and, af
wards, was frequently used in a lot of works~see, for ex-
ample, @9,28–34# and references therein!. The accuracy of
the third order WKB formula@see Eq.~1.5! in @26## is better
with a larger multipole numberl and a smaller overtonen.
For the Schwarzschild BH the results practically coinci
with accurate numerical results of Leaver@35# at l>4 when
being restricted by lower overtones for whichl .n. For
fewer multipoles, however, the accuracy is worse, and m
reach 10% atl 50, n50. The numerical approach@35#, on
the contrary, is very accurate, but dealing with the numer
integration or systems of recurrence relations is very cu
bersome, and, often, requires modification to be applied
different effective potentials. At the same time, the WK
approach lets us obtain QNM’s for a full range of para
eters, thereby giving us the opportunity to examine
physical behavior of a system. Even though the WKB f
mula gives the best accuracy atl .n, it includes the case o
astrophysical black hole radiation where only lower ov
©2003 The American Physical Society18-1
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tones are significantly excited@36#. Both the advantages an
the deficiencies of the WKB approach motivated us to ext
the existent third order WKB formula up to the sixth orde

The perturbation equations of a black hole can be redu
to the Schro¨dinger wavelike equation

d2c

dx2
1Q~x!c~x!50, ~1!

where ‘‘the potential’’2Q(x) is constant at the event hor
zon (x52`) and at infinity (x51`) and it rises to maxi-
mum at some intermediatex5x0. Consider radiation of a
given frequencyv incident on the black hole from infinity
and let R(v) and T(v) be the reflection and transmissio
amplitudes, respectively. ExtendR(v) to the complex fre-
quency plane such that Re(z)Þ0, andT(z)/R(z) is regular.
Then, the quasinormal modes correspond to the singular
of R(z). We have a direct analogy with the problem of sc
tering near the pick of the potential barrier in quantum m
chanics, wherev2 plays a role of energy, and the two turnin
points divide the space into three regions at which bou
aries the corresponding solutions should be matched.

To extend the third order WKB formula of@26#, we used
the technique of Iyer and Will. We shall omit here the tec
nicalities of this approach, which are described in@26#. The
only thing we should stress is that since the coefficientsMi j
that connect amplitudes near the horizon with those at in
ity depend only onn ~related to the overtone numbern),
they may be found at higher orders, simply by solving t
interior ~between the turning points! problem to higher or-
ders. Thus there is no need to perform an explicit match
the solutions to WKB solutions in the exterior~outside turn-
ing points! regions to the same order. The result has the fo

ıQ0

A2Q09
2L22L32L42L52L65n1

1

2
, ~2!

where the correction termsL4 ,L5 ,L6 can be found in Ap-
pendix A. Note thatL4 coincides with preliminary formula
~A3! of @26# in proper designations.

An alternative, pure algebraic approach to finding high
order WKB corrections was proposed by Zaslavskii@37# us-
ing a quantum anharmonic oscillator problem where WK
correction terms come from perturbation theory correctio
to the potential anharmonicity.

Thus we have obtained an economic and accurate form
for straightforward calculation of QNM frequencies. Th
sixth order formula applied to theD54 Schwarzschild BH is
as accurate already atl 51 as the third order formula is a
l 54. We show in Appendix B an example of QNM’s corr
sponding to perturbations of fields of different spins: sca
(s50), neutrino (s5 1

2 ), electromagnetic (s51), gravitino
(s5 3

2 ), and gravitational (s52). In addition, looking at the
convergence of all sixth WKB values to some unknown tr
QN mode, we can judge, approximately, how far from t
true QN value we are, staying within the framework of t
WKB method.
02401
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III. QUASINORMAL MODES OF THE D-DIMENSIONAL
SCHWARZSCHILD BLACK HOLE

The metric of the Schwarzschild black hole inD dimen-
sions has the form

ds25 f ~r !dt22 f 21~r !dr21r 2 dVD22
2 , ~3!

where

f ~r !512S r 0

r D D23

512
16pGM

~D22!VD22r D23
. ~4!

Here we used the quantities

VD225
~2p!(D21)/2

G„~D21!/2…
, G~1/2!5Ap, G~z11!5zG~z!.

The scalar perturbation equation of this black hole can
reduced to the Schro¨dinger wavelike equation~1! with re-
spect to the ‘‘tortoise’’ coordinatex: dx5dr/ f (r ), where
‘‘the potential’’ 2Q(x) has the form

Q~x!5v22 f ~r !S l ~ l 1D23!

r 2
1

~D22!~D24!

4r 2
f ~r !

1
D22

2r
f 8~r !D . ~5!

At some fixedD we can setr 052 and measurev in units
2r 0

21. The quasinormal modes satisfy the boundary con
tions

f~x!;c6ei 6vx as x→6`. ~6!

The sixth WKB order formula used here gives very acc
rate results for low overtones. The previous orders enabl
to see the convergence of the WKB values ofv2 as a WKB
order grows to an accurate numerical result. Namely, we
observe that forl 51,2,3,4, . . . for the fundamental over-
tone, the sixth order values differ from its fifth order value

FIG. 1. Rev for different dimensionsD; l 51 ~bottom!, 2,3,4
~top!; n50.
8-2



e

-
d-

ag

ne
c
en
b

eal
e
is

en

st
r-
he
0%

-
ws
this
,

e

s

t
K
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fractions of a percent or less at not very largeD ~we are
restricted here byD54,5, . . .,15).

This proves that if one takesr 052 for each givenD, then
the real parts ofv for differentD lie on a strict line. That is,
vRe is proportional to the productr 0D ~remember thatr 0
depends onD itself!. Namely, for the fundamental overton
we obtain the following approximate relations:

vRe;0.244D~r 0/2!21, l 52, ~7!

vRe;0.275D~r 0/2!21, l 53, ~8!

vRe;0.290D~r 0/2!21, l 54. ~9!

Here we takev5vRe2 iv Im . Generally, the higher the mul
tipole numberl, the larger is the coefficient before the pro
uct Dr 0

21. We observed the same;Dr 0
21 relation for higher

overtone but not higher thanl, for which WKB treatment is
applicable. In Figs. 1 and 2 we presented the real and im
nary parts ofv measured in 2r 0

21 for different D. For real
parts ofl 51 modes we see the deviation from the strict li
at largeD. This, however, is stipulated by the bad accura
of the WKB approach, and we believe that the true frequ
cies will lie on a strict line again. Indeed, one can judge

FIG. 3. vRe ~bottom! andv Im ~top! as a function of WKB order
of the formula with which it was obtained forl 51, n52, D54
modes, and the corresponding numerical value. We see how
WKB values converge to an accurate numerical value as the W
order increases.

FIG. 2. Imv for different dimensionsD; l 51 ~bottom!, 2,3,4
~top!; n50.
02401
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looking at the convergence plot in Figs. 3–6, where the r
and imaginary parts ofv are shown as a function of th
WKB order. Generally, the accuracy of the WKB formula
better the higherl is and the lowern andD are. Note that the
dependenceDr 0

21 for lower overtones can be recovered ev
within the third order formula, providedl is greater than 2,
andD is not very large.

Another point is thel 50 modes: in this case the lowe
overtone impliesl 5n, and the WKB formula has conside
able relative error. For a four-dimensional BH, for which t
accurate numerical results are known, the error is about 1
for v Im and 5% forvRe in the third WKB order, while in the
sixth order it reduces to 0% forvRe and 3% forv Im ~see
Appendix B!. For greaterD the error increases; the differ
ence between the fifth and sixth order WKB values gro
and one cannot judge the true quasinormal behavior in
case~see Figs. 3–5!. Fortunately, other field perturbations
including gravitational, have the lowest overtone withl .n
and the WKB treatment is of good accuracy for alll. In Table
I, we compare the third order WKB values ofl 50, n50
modes for differentD @3# with those obtained through th
sixth order here.

For large l the well-known approximate formula read
~see@27,38,39# for a proof!

vRe5
1

3A3
S l 1

1

2D , v Im5
1

3A3
S n1

1

2D . ~10!

he
B

FIG. 4. vRe ~top! andv Im ~bottom! as a function of WKB order
of the formula with which it was obtained forl 50, n50, D512
modes.

FIG. 5. vRe ~top! andv Im ~bottom! as a function of WKB order
of the formula with which it was obtained forl 50, n50, D56
modes.
8-3
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To obtain its D-dimensional generalization we find
valuer max at which the effective potentialV attains its maxi-
mum, providedl is large,

r max'2(D24)/(D23)~D21!1/(D23), D54,5,6, . . . .
~11!

Then let us make use of this valuer max when dealing with
the first order WKB formula. After expansion in terms
small values of 1/l , for a fixedD in units of 2r 0

21 we obtain

vRe'
D12l 23

4 S 2

D21D 1/(D23)AD23

D21
, ~12!

v Im'
~D23!

4 S 2

D21D 1/(D23) 2n11

AD21
. ~13!

WhenD54, these formulas go over into Eq.~11!. We see
that whenl is much larger thanD, the;Dr 0

21 dependence o
vRe breaks down.

FIG. 6. vRe ~top! andv Im ~bottom! as a function of WKB order
of the formula with which it was obtained forl 51, n50, D56
modes.
02401
IV. CONCLUSION

We were interested here in the question of how dim
sionality effects the quasinormal behavior of black holes.
several interesting points are beyond our consideration
low-lying quasinormal modes of multi-dimensional blac
holes. First of all, one would like to understand the origin
the relation;Dr 0

21 in vRe dependence. In this question it
possible to try to explain it from the interpretations of Q
modes as Breit-Wigner type resonances generated by a
ily of surface waves propagating close to the unstable cir
lar photon orbit @40#. Second, we do not know whethe
;Dr 0

21 dependence will be present for perturbations
other fields, and for more general backgrounds, such as m
tidimensional Reissner-Nordstro¨m or Kerr backgrounds. We
hope further investigations will clarify these points.
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TABLE I. Schwarzschild QN frequencies forl 50, n50 scalar
perturbations in variousD.

D Third WKB order Sixth WKB order 1/r 0

4 0.104620.1152i 0.110520.1008i 0.5
6 1.033820.7133i 1.180820.6438i 1.28
8 1.974521.0258i 2.300421.0328i 1.32
10 2.782821.1596i 3.221421.3766i 1.25
12 3.489221.2020i 3.938421.7574i 1.17
APPENDIX A: CORRECTION TERMS FOR WKB FORMULA

Here we shall use the following designations:Q0 means the value of the potentialQ at its peak, whileQi is the i th
derivative ofQ with respect to the tortoise coordinatex. ThenQi

j is the j th power of thei th derivative ofQ.
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11758685824Q2
6Q3Q4Q5Q6288566912Q2

7Q5
2Q61335466432Q2

6Q3
2Q6

2255073088Q2
7Q4Q6

211351294560Q2
4Q3

5Q7

22341442880Q2
5Q3

3Q4Q71626542560Q2
6Q3Q4

2Q71619520832Q2
6Q3

2Q5Q72123524352Q2
7Q4Q5Q7

296574464Q2
7Q3Q6Q714048704Q2

8Q7
22341160120Q2

5Q3
4Q81386210160Q2

6Q3
2Q4Q8230837240Q2

7Q4
2Q8

278073632Q2
7Q3Q5Q815848416Q2

8Q6Q8170415520Q2
6Q3

3Q9243424640Q2
7Q3Q4Q9

15255712Q2
8Q5Q9)2

~n11/2!6i

300987187200Q2
12A2Q2

~272576Q12Q2
911886976Q11Q2

8Q3222135680Q10Q2
7Q3

2

127463538375Q3
1012903040Q10Q2

8Q42141448688325Q2Q3
8Q41240655765350Q2

2Q3
6Q4

22152907158250Q2
3Q3

4Q4
3

128724479875Q2
4Q3

2Q4
42413669025Q2

5Q4
5159058073200Q2

2Q3
7Q52164264209200Q2

3Q3
5Q4Q5

1113654696400Q2
4Q3

3Q4
2Q5215166342800Q2

5Q3Q4
3Q5126061194880Q2

4Q3
4Q5

2223876233920Q2
5Q3

2Q4Q5
2

11767189312Q2
6Q4

2Q5
211292433408Q2

6Q3Q5
3218902165520Q2

3Q3
6Q6140256773200Q2

4Q3
4Q4Q6

217116974000Q2
5Q3

2Q4
2Q61483582960Q2

6Q4
3Q6211384150400Q2

5Q3
3Q5Q615285056896Q2

6Q3Q4Q5Q6

2246903552Q2
7Q5

2Q61992779200Q2
6Q3

2Q6
22101860416Q2

7Q4Q6
214966859520Q2

4Q3
5Q727661606400Q2

5Q3
3Q4Q7

11683037440Q2
6Q3Q4

2Q711861574400Q2
6Q3

2Q5Q7316141056Q2
7Q4Q5Q72235146240Q2

7Q3Q6Q718895744Q2
8Q7

2

21042372800Q2
5Q3

4Q811016789760Q2
6Q3

2Q4Q8252436160Q2
7Q4

2Q82189060480Q2
7Q3Q5Q8

19217152Q2
8Q6Q81175190400Q2

6Q3
3Q9287816960Q2

7Q3Q4Q9110378368Q2
8Q5Q9!. ~A3!

All six WKB corrections printed inMATEMATICA are available from the author in electronic form upon request.

APPENDIX B: QNMS OF A FOUR-DIMENSIONAL SCHWARZSCHILD BLACK HOLE

‘‘The potential’’ Q(x) in case of a Schwarzschild black hole has the form

Q~x!5v22S 12
1

r D S l ~ l 11!

r 2
1

12s2

r 3 D , ~B1!
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TABLE II. Schwarzschild QN frequencies for perturbations of different spin.

s50 Numerical Third order WKB Sixth order WKB

l 50, n50 0.110520.1049i 0.104620.1152i 0.110520.1008i
l 51, n50 0.292920.0977i 0.291120.0980i 0.292920.0978i
l 51, n51 0.264520.3063i 0.262220.3074i 0.264520.3065i
l 52, n50 0.483620.0968i 0.483220.0968i 0.483620.0968i
l 52, n51 0.463920.2956i 0.463220.2958i 0.463820.2956i
l 52, n52 0.430520.5086i 0.431720.5034i 0.430420.5087i

s51/2 Numerical Third order WKB Sixth order WKB

l 51, n50 0.280320.0969i 0.282220.0967i
l 51, n51 0.250020.3049i 0.252520.3040i
l 52, n50 0.476820.9639i 0.477220.0963i
l 52, n51 0.456520.2947i 0.457120.2945i
l 52, n52 0.424420.5016i 0.423120.5070i
l 53, n50 0.670620.0963i 0.670820.0963i
l 53, n51 0.655720.2917i 0.656020.2917i
l 53, n52 0.629920.4931i 0.628620.4950i
l 53, n53 0.597020.6997i 0.593220.7102i

s51 Numerical Third order WKB Sixth order WKB

l 51, n50 0.248320.0925i 0.245920.0931i 0.248220.0926i
l 51, n51 0.214520.2937i 0.211320.2958i 0.214320.2941i
l 52, n50 0.457620.0950i 0.457120.0951i 0.457620.0950i
l 52, n51 0.436520.2907i 0.435820.2910i 0.436520.2907i
l 52, n52 0.401220.5016i 0.402320.4959i 0.400920.5017i
l 53, n50 0.656920.0956i 0.656720.0956i 0.656920.0956i
l 53, n51 0.641720.2897i 0.641520.2898i 0.641720.2897i
l 53, n52 0.613820.4921i 0.615120.4901i 0.613820.4921i
l 53, n53 0.577920.7063i 0.581420.6955i 0.577520.7065i

s53/2 Numerical Third order WKB Sixth order WKB

l 51, n50 0.181720.0866i 0.173920.08357i
l 51, n51 0.135420.2812i 0.119820.2813i
l 52, n50 0.423120.926i 0.423620.0925i
l 52, n51 0.400020.2842i 0.400720.2838i
l 52, n52 0.363620.4853i 0.361820.4919i
l 53, n50 0.633220.0945i 0.633320.0944i
l 53, n51 0.617320.2864i 0.617520.2863i
l 53, n52 0.589820.4846i 0.588420.4868i
l 53, n53 0.554720.6882i 0.550520.7000i

s52 Numerical Third order WKB Sixth order WKB

l 52, n50 0.373720.0890i 0.373220.0892i 0.373620.0890i
l 52, n51 0.346720.2739i 0.346020.2749i 0.346320.2735i
l 52, n52 0.301120.4783i 0.302920.4711i 0.298520.4776i
l 53, n50 0.599420.0927i 0.599320.0927i 0.599420.0927i
l 53, n51 0.582620.2813i 0.582420.2814i 0.582620.2813i
l 53, n52 0.551720.4791i 0.553220.4767i 0.551620.4790i
l 53, n53 0.512020.6903i 0.515720.6774i 0.511120.6905i
l 54, n50 0.809220.0942i 0.809120.0942i 0.809220.0942i
l 54, n51 0.796620.2843i 0.796520.2844i 0.796620.2843i
l 54, n52 0.772720.4799i 0.773620.4790i 0.772720.4799i
l 54, n53 0.739820.6839i 0.743320.6783i 0.739720.6839i
l 54, n54 0.701520.8982i 0.707220.8813i 0.700620.8985i
024018-7
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where s50 corresponds to scalar perturbations;s5 1
2 , neutrino perturbations;s51, electromagnetic perturbations;s5 3

2 ,
gravitino perturbations;s52, gravitational perturbations. The quasinormal frequencies at third and sixth WKB orders a
comparison with numerical results@35# are presented in Table II.
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