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Recap – what have we learned last time

formulation of Einstein’s equations

(D)RMN −
1

2
gMN

(D)R = 8πGDTMN

as time evolution problem

(D − 1) + 1 split of spacetime (M, gMN)

M = Σt × R

line element

ds2 =−
(
α2 − βm̄βm̄

)
dt2 + 2γm̄n̄β

m̄dtdx n̄ + γm̄n̄dx
m̄dx n̄

with

coordinate degrees of freedom: α – lapse, βm̄ – shift vector
dynamical variables:
γm̄n̄ – (D-1)-metric, Km̄n̄ = − 1

2
Lnγm̄n̄ – extrinsic curvature
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Recap – what have we learned last time

(D − 1) + 1 split of Einstein’s equations

constraint subsystem

H =(D−1)R − Km̄n̄K
m̄n̄ + K 2 − 16πGDρ = 0

Mm̄ =Dn̄K
n̄
m̄ − Dm̄K − 8πGD jm̄ = 0

evolution subsystem

∂tγm̄n̄ =− 2αKm̄n̄ + Lβγm̄n̄

∂tKm̄n̄ =− Dm̄Dn̄α + α
(

(D−1)Rm̄n̄ − 2K k̄
m̄Kk̄ n̄ + KKm̄n̄

)
+ 4πGDα (γm̄n̄(S − ρ)− 2Sm̄n̄) + LβKm̄n̄

change of variables and constraint addition
⇒ numerically stable evolution scheme, e.g., BSSN

gauge choice – moving punctures

∂tα =− 2ηααK

∂tβ
m̄ =

D − 1

2(D − 2)
ζΓΓ̃m̄ − ηββm̄ + βk̄∂k̄β

m̄
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Outline

(D − 1) + 1 formulation numerically too expensive for D > 4

number of gridpoints ∼ ND−1

code dealing with generic spacetime dimension D
vs. individual code for each dimension

consider symmetric problems
→ reduction to (3 + 1) or (2 + 1) problems

1 Approach I – The Cartoon method

2 Approach II – Dimensional reduction by isometry
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The Cartoon method
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Cartoon method in D = 4

goal: evolution of highly symmetric problems, e.g., with axis-symmetry (2+1)

natural choice: cylindrical coordinates

coordinate singularity at axis
sometimes tricky to handle

Cartesian coordinates

avoid coordinate singularities
requires 3+1 → more expensive: N3 instead of N2 grid points

⇒ combine advantages

⇒ Cartoon method (“CARTesian TWOdimensional”) (Alcubierre et al ’99)
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Cartoon method in D = 4

for now: consider axissymmetric problem in x − z-plane (y = 0),
e.g., head-on collision along z-axis

in 3d : symmetry not explicit

spatial derivatives in all directions; in general: ∂yu 6= 0
e.g., 4th order finite difference stencils

∂yuj =
1

12dy
(uj−2 − 8uj−1 + 8uj+1 − uj+2)

⇒ require 2g + 1 = 5 points in y -direction

reduce 3d cube with N3 grid points to 3d slab with N2 · (2g + 1) grid points

⇒
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Cartoon method in D = 4

in interior of slab → centered finite difference stencils

at outer boundary → physical boundary conditions

evaluate functions at grid points (x , y = 0, z)

U(1) symmetry around z
⇒ obtain values at y 6= 0 by rotation and interpolation from field at y = 0

required point (ρ, 0, z) = (
√
x2 + y2, 0, z) might not be a grid point

⇒ interpolation

(Alcubierre et al ’99)
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Cartoon method in D = 4

cylindrical coordinates (ρ, φ, z) with

x =ρ cosφ , y = ρ sinφ , z = z , ρ =
√

x2 + y2

consider rotation by angle φ0

ρ′ =ρ , φ′ = φ+ φ0 , z ′ = z

define diffeomorphism
R : (3)Σt → (3)Σt with R : T → R∗T , for T ∈ (3)Σt

(
R(φ0)i j

)
=

cosφ0 − sinφ0 0
sinφ0 cosφ0 0

0 0 1

 =

 x
ρ − y

ρ 0
y
ρ

x
ρ 0

0 0 1


R is symmetry if R∗T = T
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Cartoon method in D = 4

transformation of tensor T (p)→ R∗T (R(p)) (with R∗T = T )

T i1...ip
j1...jq (x , y , z) =R i1

k1 ...R
ip
kp (R−1)l1 j1 ...(R

−1)lq jqT
k1...kp

l1...lq (ρ, 0, z)

⇒ evaluate functions @ p′ = R(p) = (x , y , z) from functions @ p = (ρ, 0, z)

examples (♦):
scalar

Ψ(x , y , z) =Ψ(ρ, 0, z)

vector V i (x , y , z) = R i
jV

j(ρ, 0, z)

V x(x , y , z) =
x

ρ
V x(ρ, 0, z)− y

ρ
V y (ρ, 0, z)

V y (x , y , z) =
y

ρ
V x(ρ, 0, z) +

x

ρ
V y (ρ, 0, z)

V z(x , y , z) =V z(ρ, 0, z)

tensor

Sij(x , y , z) =Rk
iR

l
jSkl(ρ, 0, z)
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Cartoon method in D ≥ 4

so far:
considered 3d space with U(1) symmetry, e.g., head-on collision along z-axis

further examples in D > 4:
(Yoshino & Shibata ’09, Shibata & Yoshino ’10,
Lehner & Pretorius ’10, Okawa et al ’11)

D = 5 with U(1) symmetry, e.g., BH collisions with impact parameter
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Cartoon method in D = 5

D = 5 with U(1) symmetry, e.g., BH collisions with impact parameter

consider Cartesian coordinates (x , y , z ,w) with (x , y , z = w)

x − y -plane as symmetry plane
Killing vector: ∂ψ = z∂w − w∂z

Cartoon method

simulate D = 5 problem in 3 + 1
⇒ (2g + 1)N3 grid points instead of N4

consider cylindrical coordinates

x = x , y = y , z = ρ cosψ , w = ρ sinψ
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Cartoon method in D = 5

D = 5 with U(1) symmetry (continued)

strategy:
1 prepare data @ (x , y , z ,w = 0)
2 generate data @ (x , y , z ,w 6= 0) by rotation of data @ (x , y , ρ, 0)

Killing vector: ∂ψ = z∂w − w∂z

rotation by ψ = ψ0 with rotation matrix:

(
R(ψ0)m̄n̄

)
=


1 0 0 0
0 1 0 0
0 0 cosψ0 − sinψ0

0 0 sinψ0 cosψ0

 =


1 0 0 0
0 1 0 0
0 0 z

ρ −w
ρ

0 0 w
ρ

z
ρ


construct all necessary derivatives / quantities
⇒ happy number crunching...
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Cartoon method

so far:
considered 3d space with U(1) symmetry, e.g., head-on collision along z-axis

further examples in D > 4:
(Yoshino & Shibata ’09, Shibata & Yoshino ’10,
Lehner & Pretorius ’10, Okawa et al ’11)

D = 5 with U(1) symmetry, e.g., BH collisions with impact parameter
D = 5 with U(1)× U(1) symmetry, e.g., Myers-Perry BH with 2 spin
parameters (♦)
D = 5 with SO(3) symmetry, e.g., head-on collision along z-axis (♦)
D ≥ 5 spacetime with SO(D− 3) symmetry (“modified Cartoon method”) (♦)

note: see lecture notes for examples
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Modified Cartoon method in D ≥ 5

consider D dimensional vacuum spacetime with SO(D − 3) symmetry
(Shibata & Yoshino ’10)

coordinates (t, x , y , z ,w1, ...,wD−4)

line element
ds2 = −(α2 − βkβk)dt2 + 2γklβ

kdtdx l + γabdx
adxb + γnndΩ2

D−4

xa = (x , y , ρ) with ρ =
√
z2 +

∑D−4
q=1 w2

q

⇒ symmetry around z ,w1, ...,wD−4

⇒ geometric quantities depend only on t, x , y , ρ

strategy:
1 solve for data in (x , y , z) hyperplane, with w1 = ... = wD−4 = 0
2 rotate data around hyperplane ⇒ data at (x , y , z ,w1 6= 0, ...,wD−4 6= 0)
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Modified Cartoon method in D ≥ 5

consider D dimensional vacuum spacetime with SO(D − 3) symmetry (continued)

straightforward Cartoon method

becomes numerically more expensive with increasing dimension
N3(2g + 1)D−4 grid points

instead: make use of SO(D − 3) symmetry
⇒ relations for tensor QMN , vector QM , scalar Q quantities (♦):

Qww := Qw1w1 = ... = QwD−4wD−4

Qwq = 0, Qawq = 0, Qwqwr = 0 for (r 6= q)
....

⇒ all quantities and derivatives in D − 1 dimensions
are replaced by quantities and derivatives in the (x , y , z ,w) plane

now: happy number crunching ...
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Dimensional Reduction

by isometry
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Dimensional reduction

dimensional reduction well known in physics

Kaluza - Klein theory (1921)

⇒ unification of gravity and gauge theories
e.g.: GR – Maxwell in D = 4 ↔ GR in D = 5

string theory compactifications

Here:
“Killing reduction” – dimensional reduction by isometry
(Geroch ’71, Yang ’03, ...)
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Geroch decomposition I

consider spacetime (M, gMN) with dimM = D

consider existence of Killing vectors ξM

consider ξM are either timelike or spacelike everywhere

denote manifold S with dimS = D − 1

collection of all trajectories of ξa

v ∈ S is a curve in M with v tangent to ξM everywhere

consider tensor T ∈M and T̃ ∈ S

if ξM1T
M1...Mp

N1...Nq = ξNqTM1...Mp
N1...Nq = 0

LξTM1...Mp
N1...Nq = 0

then there is a one-to-one correspondence between T and T̃

the entire tensor field algebra on S is completely and uniquely mirrored
by tensor field algebra on M
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Geroch decomposition II

metric on (S , hMN): hMN = gMN − λ−1ξMξN , with λ = ξMξM

projection operator: hMN = δMN − λ−1ξMξN

consider twist 2-form (exemplarily in D = 5):

ωMN = εMNJKLξ
J∇K ξL

with ωMN = ω[MN] , ωMNξ
M = 0

one can show: Lξλ = 0 , LξωMN = 0
⇒ λ ∈ S and ωMN ∈ S
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Geroch decomposition III

with above relations derive

D[MωNK ] ∼ εMNKL1L2ξ
L1 (5)RL2

L3ξ
L3 = 0 (in vacuum)

⇒ locally ∃ a 1-form AM ∈ S with

ωMN = (dA)MN = 2D[MAN]

construct

(4)RMN ∼(hMN , (dA)MN , (dλ)M)

DK (dA)KM ∼(dA)KMDKλ

DMDMλ ∼DMλDMλ− (dA)MN(dA)MN

⇒ pure gravity in D = 5 is equivalent to
GR in D = 4 coupled to scalar field λ and vector field AM

H. Witek (DAMTP / University of Cambridge) 21 / 37



GREAT!

Are we done?
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NOT QUITE!
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Dimensional reduction I

Goal:

study problems in D ≥ 5

reduction to 3 + 1 problems

Why 3 + 1?

approaching limits of computational power

we want numerical results in reasonable computational time

we know how to do numerics in 3 + 1

vacuum GR in D dimensions
⇒ GR coupled to gauge and scalar fields in D = 4

all quantities have geometrical interpretation

straightforward modification of existing 3 + 1 codes
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Dimensional reduction II

dimensional reduction by isometry on SD−4 sphere
⇒ has SO(D − 3) ⊂ SO(D − 2) isometry group
possible classes of models

in D ≥ 5:
head-on collisions of non-spinning BHs
in D ≥ 6:
BH collisions with impact parameter
collision of spinning BHs as long as dynamics are restricted to one plane

Zilhão et al ’10
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Dimensional reduction III

dimensional reduction on SD−4 sphere

ansatz for metric

Notation:
M,N, ... =0, ...,D − 1

µ, ν, ... =0, ..., 3

µ̄, ν̄, ... =4, ...,D − 1

i , j , ... =1, 2, 3

ds2 =gMNdx
MdxN

=gµν(xM)dxµdxν + Ωµ̄ν̄(xM)
(
dx µ̄ − Aµ̄µ(xM)dxµ

) (
dx ν̄ − Aν̄ ν(xM)dxν

)

H. Witek (DAMTP / University of Cambridge) 26 / 37



Dimensional reduction IV

{xµ} coordinates in base space; {x µ̄} coordinates along the fibre

consider Killing vector fields ξa with a = 1, ..., (D−4)(D−3)
2

LξgMN =0

Lie algebra [ξa, ξb] = εab
cξc with εab

c structure constants of SO(D − 3)

fibre has minimal dimension necessary to host (D−4)(D−3)
2 independent KVs

assume that KV has components exclusively along the fibre

ξa = ξµ̄a∂µ̄

normalize KVs, such that they only depend on coordinates along the fibre

∂µξ
µ̄
a = 0
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Dimensional reduction V

LξgMN = 0 implies
1 M = µ̄,N = ν̄: LξgMN = LξΩµ̄ν̄ = 0

Ωµ̄ν̄ is metric on maximally symmetric space → SD−4 sphere

Ωµ̄ν̄ = λ(xµ)hSD−4

µ̄ν̄ , with hSD−4

µ̄ν̄ metric on SD−4 sphere

2 M = µ,N = ν̄: LξgMN = −Lξ(Ωµ̄ν̄A
µ̄
µ) = 0 ⇒ LξAµ̄µ = 0

equivalent to [ξa,Aµ] = 0 ⇒ Aµ̄µ = 0
for D ≥ 5 there are no non-trivial vector fields on SD−4

that commute with all KVs on the sphere
all KVs are orthogonal to hypersurface

3 M = µ,N = ν: LξgMN = Lξgµν + Lξ(Ωµ̄ν̄A
µ̄
µA

ν̄
ν) = 0 ⇒ Lξgµν = 0

KVs act transitively to the fibre
base space metric gµν is independent of fibre coordinates

gµν(xM) = gµν(xµ)
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Dimensional reduction VI

D dimensional spacetime metric has block diagonal form

ds2 = gMNdx
MdxN = gµνdx

µdxν + λ(xµ)hS
D−4

µ̄ν̄ dx µ̄dx ν̄

D = 4 D − 4

components of D dimensional Ricci tensor
1 M = µ,N = ν:

(D)Rµν = (4)Rµν −
D − 4

2λ

(
∇µ∇νλ−

1

2λ
∇µλ∇νλ

)
2 M = µ,N = µ̄:

(D)Rµµ̄ =0

3 M = µ̄,N = ν̄:

(D)Rµ̄ν̄ = (D−4)Rµ̄ν̄ −
1

2
hSD−4

µ̄ν̄

(
∇µ∇µλ+

D − 6

2λ
∇µλ∇µλ

)
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Dimensional reduction VII

consider D dimensional vacuum spacetime ⇒ (D)RMN = 0

equations of motion:

S =∇µ∇µλ+
D − 6

2λ
∇µλ∇µλ− 2(D − 5) = 0

E1,µν = (4)Rµν −
1

2
gµν

(4)R − 8πTµν = 0

with

Tµν =
D − 4

16πλ

(
∇µ∇νλ−

1

2λ
∇µλ∇νλ− (D − 5)gµν +

D − 5

4λ
gµν∇κλ∇κλ

)

GR in D dimensions with SO(D − 3) isometry
⇒ reduction to GR in D = 4 coupled (non-minimally) to scalar field
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We are almost there!
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3 + 1 decomposition I

GR in D dimensions with SO(D − 3) isometry
⇒ reduction to GR in D = 4 coupled (non-minimally) to scalar field

reformulation as 3 + 1 time evolution problem

3 + 1 variables:

coordinates:
lapse function α
shift vector β i

dynamical variables:
3-metric γij
extrinsic curvature Kij = − 1

2α
(∂t − Lβ)γij

scalar field λ
momentum of scalar field Kλ = − 1

2α
(∂t − Lβ)λ

3 + 1 decomposition of GR coupled to scalar field
→ modify our mathematica notebook developed in the last lecture (♦)

Note: both notebooks will become available with the lecture notes and online
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3 + 1 decomposition II

constraint equations

H =R − KijK
ij + K 2

−D − 4

λ

(
−(D − 5) + D iDiλ+

D − 7

4λ
D iλDiλ− (D − 5)

K 2
λ

λ
− 2KKλ

)
= 0

Mi =DjK
j
i − DiK−

D − 4

2λ

(
DiKλ − K j

iDjλ−
Kλ
λ

Diλ

)
= 0
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3 + 1 decomposition III

solution to the initial data problem representing
non-spinning BHs starting from rest

time symmetric, i.e., modified Brill-Lindquist initial data

assume maximal slicing (K = 0), conformal flatness

γij = ψ
4

D−3 ηij , Kij = 0

λ = ψ
4

D−3 y2 , Kλ = 0

with

ψ0 =1 +
N∑
i=1

µ(i)

4|r − r(i)|D−3

mass parameter

µ(i) ≡rD−3
S(i)

≡
16πM(i)

AD−2(D − 2)
,
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3 + 1 decomposition IV

evolution equations

(∂t − Lβ)γij =− 2αKij

(∂t − Lβ)λ =− 2αKλ

(∂t − Lβ)Kij =− DiDjα + α
(
Rij − 2K k

iKkj + KKij

)
−αD − 4

2λ

(
DiDjλ−

1

2λ
DiλDjλ− 2KλKij

)
(∂t − Lβ)Kλ =− 1

2
D iαDiλ

+ α

(
(D − 5) + KKλ +

D − 6

λ
K 2
λ −

1

2
D iDiλ−

D − 6

4λ
D iλDiλ

)
gauge choice – modified puncture gauge

∂tα =βi∂iα− 2α

(
K + (D − 4)µλ

Kλ
λ

)
∂tβ

i =βk∂kβ
i − ηββi + ξΓΓ̃i + ξλ

D − 4

2

∂ iλ

λ
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3 + 1 decomposition V

choose strongly hyperbolic formulation, e.g., BSSN
(note: expressions become lengthy, see lecture notes)

implementation / modification of 3 + 1 GR code

example: head-on collision of two BHs starting from rest
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Summary

consider highly symmetric problems in GR in D dimensions
⇒ reduction to 3 + 1 or 2 + 1 system

Cartoon method

use symmetry to reduce numerical grid
set up “slab” instead of “cube” ⇒ reduce from ND grid points to N3 · (2g + 1)
use Cartesian coordinates ⇒ avoid coordinate singularities in grid
rotation and interpolation of functions from point (∗,X = 0, ∗) to (∗,X 6= 0, ∗)

dimensional reduction by isometry

consider problems with SO(D − 3) isometry ⇒ reduction on SD−4 sphere
GR in D dimensions ⇒ GR in D = 4 coupled to scalar field
all quantities have geometric interpretation
straightforward modification of existing codes

tomorrow: introduction to visualization toolkit VisIt
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