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© Motivation

© Numerical relativity in a nutshell

© (D 1) + 1 decomposition of spacetime

@ (D — 1) + 1 decomposition of Einstein’s equations

© BSSN formulation

next time:

Cartoon method
Dimensional reduction
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Why higher D gravity?

Gauge / gravity duality (Maldacena '97)

@ correspondence between
gravity in AdSp x S”

strongly coupled CFT ind =D —1
“living” on AdS boundary

@ BHs in AdSp dual to thermal states in CFT
@ Applications:

Canformal fields
ALFRED T, KAMAJAM

@ gravity / hydrodynamics correspondence

e computing transport coefficients
o turbulence in hydrodynamics

o (gravitational) turbulent instabilities in AdS (see Andrzej's lecture)
@ gravity / condensed matter systems

e computing conductivity in condensed matter systems

@ heavy ion collisions RHIC
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Why higher D gravity?

BHs in D = 4: uniqueness, spherical topology, dynamical stability, ...

BHs in D > 4:

@ black objects with non-spherical
topology:
o black string (Sq X R) @ Vvers-Perry black hole (fxscale: M=1)
o black p-branes (59 x RP) A oveig
(Horowitz & Strominger '91) e e hin black ing
o 5D black ring (S? x S*) i
(Emparan & Reall '02)
o black saturn
(Elvang & Figueras '07)

Emparan & Reall. '08

@ no No-Hair theorem

@ dynamical stability?
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Why higher D gravity?

BHs in D > 4: dynamically (un-)stable solutions

e inD>5:
Gregory-Laflamme instability ('93)
@ dynamical studies of the GL instability of
black strings in D =5
(Choptuik et al. '03, Lehner & Pretorius '10)
e inD>6:
Myers-Perry BHs with one rotation parameter:

Lehner & Pretorius '10

ultra-spinning instability 51 ar o)
(Dias et al. '09)
@ numerical study of non-axisymmetric \
perturbation of Myers-Perry BH in D =5, ...,8: o A B
critical spin parameter a/,/j1 ~ 0.87 in D =5 oo .C
(Shibata & Yoshino '09, Shibata & Yoshino '10) e ... 5
Dias et al. '09
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Why higher D gravity?

High energy collisions and TeV gravity

@ Hoop - Conjecture:
BH formation if C < 2wrs orif b < rg
(Thorne '72, Penrose '74, Eardley & Giddings '02)
@ ultra relativistic collision of
e boson stars: BH formation if boost 7. > 2.9
(Choptuik & Pretorius '10)
o fluid particles: BH formation if boost v. > 8.5
(East & Pretorius '12)

= black hole formation in high energy collisions of particles

@ high energy particle collisions with E = 2ymgc? > Mp,

e gravity is dominant — classical description
o “matter does not matter”

= high energy particle collisions well described by high energy BH collisions

H. Witek (DAMTP / University of Cambridge) 6/31



Why higher D gravity?

@ TeV gravity scenarios — gravity theories with
o large extra dimensions
(Arkani-Hamed, Dimopoulos & Dvali '98)
o warped extra dimensions
(Randall & Sundrum '99)
o MPL,D>5 ~ O( TeV)
= signatures of BH production at LHC or in
cosmic rays?

y

Atlas expevent @LHC / CERN
@ Goal: precise understanding of BH formation in D > 4
(energy emission, mass, spin, cross section)
e lower bound from area theorem (Yoshino & Nambu '02)
o shock wave collisions: E =1 — % (Coelho et al '12) (see Marco's lecture)
o PP approximation: A:’n':;’gd ~ 26%(D = 4)...10%(D = 11) (Berti et al '10)
0
e numerical simulations in D = 4: E’ij’ ~ 14..35%
(Sperhake et al '08,’09, Shibata et al '09)

e numerical simulations of BH collisions in D =5
(Zilhao et al '10, Witek et al '10, Okawa et al '11)
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Numerical Relativity

in a nutshell




NumRel in a nutshell |

Goal: time evolution problems in D-dim gravity
= solve Einstein's equations Ryn — sgunR = 8mGp T

e D(D +1)/2 coupled PDEs

o mixed elliptic, hyperbolic, parabolic type
@ in general: non-separable

@ (semi-) analytic methods / “soft numerics”:
o weak-field regime — (v/c)? < 1:
Post-Newtonian methods
o perturbative methods — neglect backreaction
(see Paolo’s lectures)
@ here: strong field/ high curvature regime

o “hard-core” numerical methods Cosmos@I;)A-MT;’/ Cambridge
o supercomputers (see Sérgio's lectures)

Note: visit to Baltasar cluster this week
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NumRel in a nutshell II

Tasks: formulation of EEs as initial (boundary) value problem
@ constraint subsystem
e construction of initial data (see Hiro's lectures)
@ evolution subsystem
e reduction to effectively 3 4+ 1 problems
= (modified) Cartoon method
= dimensional reduction
o well-posedness of formulation (see David's lectures)
o here: BSSN formulation of EEsin D > 4
@ treatment of singularity
@ excision
@ moving punctures
@ gauge choice yielding numerically stable evolutions
@ analysis tools

e apparent horizon
e gravitational waves from metric perturbations
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NumRel in a nutshell 11

discretization for numerical integration
o formulate EEs as time evolution problem: 9;u ~ f(u, du, 99u)
@ approximate continuum functions u. by discrete functions u; j «
@ method of lines:

@ evaluate rhs in spatial domain using, e.g., finite differences
@ integrate in time using 4" order Runge-Kutta, iCN, ...

@ adaptive mesh refinement

@ parallelization (e.g. MPI, OpenMP )

@ example for international effort to provide 3
powerful GR package:

Einstein Toolkit (see Miguel's lecture)
(http://einsteintoolkit.org/)
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(D — 1) + 1 decompostion

of spacetime




(D — 1) + 1 decomposition of spacetime |

o foliation of D-dimensional spacetime (M, gun):

Notation
(Arnowitt, Deser, Misner '62)
e M|N,..=0,..,D—1
M=PC-Dy xR e mf,..=1,..,D—1
o u,v,...=0,..4

o (P-Vy, _ (D — 1)-dim. spatial hypersurface
o t € R — time parameter ®/j,...=123
e gun — metric in M; vz 5 — metric in X,

M _ unit vector normal to ¥,

on
@ « — lapse function
o relates coordinate time t to time measured
by an Eulerian observer
o M — shift vector

o relative velocity between Eulerian observer
and lines of const. spatial coordinates

X, = const
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(D — 1) + 1 decomposition of spacetime Il

@ vector pointing from p € X; to p’ € T4t

tM :anM+/3M
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(D — 1) + 1 decomposition of spacetime 11l

o line element of (M, gun)
ds? = gundxMaxV = — (az _ /3;/3;) At + 29 BT dtdx + i dx
@ mn — induced, (D — 1)-dimensional, spatial metric on X,
Yun = gun + nmny, VN = gMN 4 pMpl
nyM,\,nN = ny + nM(nNnN) =0

— determines projection operator

L=AMy =My +nMny
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(D — 1) + 1 decomposition of spacetime IV

@ any (p,q)-tensor TMl---Mlequ € M can be decomposed into its normal
component, fully spatial projection and mixed projections
@ example: rank-2 tensor Tyn

e normal component:
M _N
N: TMNI‘I n

o spatial projection

Sun = ’YKM'YLN Tk

@ mixed projection
Ty = ’VKM Tkent

@ reconstruct full tensor Typny € M

Tun = Sun + Tmnn + Tunp +Nnyny
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(D — 1) + 1 decomposition of spacetime V

extrinsic curvature Kyn
@ describes how XY ; is embedded in M
@ describes how the direction of n™ changes as it moves along ¥,

Ky = 7’)/KMVKI1N =..=—-Vmny — nyan, with apy = nNVNnM

@ properties () :
symmetric:  Kyn = Kun)
spatial: Kynn =0
o relation between Ky and metric yyn ()

1 1
Kun = ——Lan — (D, —
MN 5 Lanymn 5 (0r — L) Ymn

= momentum of spatial metric vy

derivation from geometrical concepts = purely kinematic

H. Witek (DAMTP / University of Cambridge) 17 / 31



(D — 1) + 1 decomposition

of Einstein’s equations




(D — 1) + 1 decomposition of EEs |

so far: considered only geometric concepts and relations = kinematics

dynamical description from Einstein's equations

1
O) Ry — S8MN (OIR = 87 Gp Tun

(D — 1) + 1 split of EEs (York '79)
@ projections of the Riemann tensor — Gauss-Codazzi relations
@ projections of EEs ( {>hand’s-on session with mathematica)

intrinsic curvature on ¥, — (D — 1)-dim Riemann tensor (°~1 Rk, __:
(DmDs — DaDp)VE =P~V Rk yk ey,

@ note: V), corresponding to guy, D corresponding to vyaa
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(D — 1)+ 1 decomposition of EEs I

projections of the Riemann tensor and Gauss-Codazzi relations
(sketch for calculation (<))

@ consider
A A A
Vuy's =n"Vyng + ngVyn
= — nAKBM — nAnMaB — nBKAM — anMaA
with Kyyy = —Vyny — nyay and ay = nNVNnM = .= %DMOL
@ consider

DmDnve =7y uyE Ny LV AV Ve
+ 2B LV oveVarP s + YA By LV evb VAP ¢
= BN LV AV eve — Kuny< 1nPVpve — KimK € nve

@ insert into
(DMDN — DNDM)VK :(D_l) RKLMNVL
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(D — 1)+ 1 decomposition of EEs IlI

projections of the Riemann tensor and Gauss-Codazzi relations ({»)

@ fully spatial projection

1O Ry =7 By Pk PV RAgen
=R vk + KumKEn — KunKEm

© projection once along normal, 3x onto ¥,
Y B vy k PV Riasent =DnKim — DmKin

© projection twice along normal, twice onto X ;

1
YAuvBn PV Riakent n® =L, Kun + Km Kty + aDMDNOl
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(D — 1) + 1 decomposition of EEs IV

@ rewrite EEs as

1
Ev.vun =P Run — >8MmN OIR — 87Gp Ty =0

1
Ex.un =P Ryn — 87Gp <TMN — 58mN T> =0

@ possible projections
© Hamiltonian constraint:  H = E;, MNn =0
© momentum constraint: My = *y ME1 knn' =0
@ evolution equation: P =7 uy'nErk =0
@ projections of the stress-energy tensor
© energy density: Tunn™n" = p
@ energy current: 'yKM Tunn" =: —Jjm
@ spatial components:  YX vty T =: Sun
@ now: lengthy calculation or use mathematica with xtensor package
(http://www.xact.es/xTensor/index.html, J. M. Martin-Garcia et al '02-'13)
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(D — 1) + 1 decomposition of EEs V

derivation of EEs in so-called “ADM" form (Arnowitt, Deser, Misner '62, York '79)
use mathematica with xtensor package

@ constraint system

H =P DR - KpzK™ + K2 — 167Gpp = 0
M, :D;,Kﬁﬁ7 — DsmK —87Gpjm =0

= solve for initial data (see Hiro's lecture)

@ evolution system

Orymn = — 2aKmn + LaVmn
0:Kimn = — DmDra + « <(D71)Rﬁrﬁ - 2K7<r71KE,-, + KKﬁm)
+ 47 Gpa (’7,7,,‘,(5 — p) — 25,7,,‘,) + [:BK,;,,-,
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BSSN formulation

of Einstein’s equations




BSSN formulation |

@ EEs in ADM-like form

o weakly hyperbolic
o ill-posed initial value problem (IVP)
o numerically unstable
@ necessary condition for numerical stability: well-posed IVP
(see David's lecture)
@ examples:
o generalized harmonic formulation (wave eqn.-like — 2™ order in time/space)
o Z4c (1 order in time / 2" order in space )
e BSSN (Baumgarte, Shapiro '99, Shibata, Nakamura '95)
o plethora of first order reductions
@ BSSN — 1% order in time, 2" order in space formulation
© constraint addition
@ conformal decomposition of variables
© gauge choice
= change character of PDE system
= strongly hyperbolic
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BSSN formulation Il

now: computations only in ¥ = drop superscripts ()X and P~Yx

constraint addition

@ define additional constraint
G =il € — 5M0p5:7 =0, with 7 = —g;5F7
@ modify evolution equations

OrYmn =[ADM]
1 —
8tKﬁ-,,—, :[ADM] + O[a(ﬁ,G,—,) — = Q%mn (H + 7“3;(?7)

D-1
o' = (770377 ony T 20Mn — 206 Ay
- - 2 —

+ LG+ 7mi G 08 — 51 GmOz B
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BSSN formulation Il

conformal decomposition of variables

@ conformal factor and metric

X =y 77, with v=detym; and 7 =detims=1

Ymn =XVYmn

@ splitting of extrinsic curvature in trace and tracefree part

K :’yﬁ’ﬁK—ﬁ
Amn =x | K 1 K
ma —X n D — 1’Ymn
@ conformal connection function
Fm ~k/fﬁ7m _ _8;;)'/kﬁ1
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BSSN formulation IV

gauge choice for (a, 3™) — “moving puncture”’ gauge

@ need to specify coordinates to close the system

@ coordinate degree of freedom = (a, 3™) freely specifiable
@ BUT: gauge choice matters for numerical stability!!!
°

1+log slicing for lapse function

Ora = — 2K
singularity avoiding properties
@ [-driver shift condition for 3™
_ D—1 ~ = _ - _
8 m _ rm_ m ka_ m
: 3 72(D _2)<F ngf" + B 0B

° néﬁﬁ" damping term
o (%9;8™ advection term
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BSSN formulation V

2
OrX =D_ axK + ﬁkakx 5 X(’?kﬂk
81”7!‘7171 = — QOéAmn + 2’yk H)B 1’7mn6k6k
0K == D*Da+a [/Z\k';\m + 7D — Kz] + R oK

eAmn = — X[DmDro]" + axRy; + a [KZ\ - 22\5,;2\%]

+ 5k5;/z\mﬁ + 22\,—((,7,8;,)Bk - ml\,m—,é);ﬂk ,
s iD—2
O™ = — 205" 520K — ATF (D — Dax ™ gx + 2050) + 2047y
ko pF 2 = D—-3_.7 S _
+ BRORT T+ PP ORB* — TR 0p ™ + S 008" + M 0p0r67
8ta = 277010[K7
D1

9.8™ — Fm_ m }8_ m



What we have learned today

@ major concepts in NumRel

@ (D — 1)+ 1 decomposition of spacetime

@ (D — 1) + 1 decomposition of Einstein’s equations
@ focus on the evolution sector

@ Einstein's equations in ADM-like form

@ BSSN formulation of Einstein's equations as one example for strongly
hyberpolic formulations
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What’s next

@ (D — 1)+ 1 system for D > 4 computationally too expensive
= not realizable with current computational power

@ consider highly symmetric problems
= reduction to effectively (2 + 1) or (34 1) problems

@ Cartoon method

@ dimensional reduction
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